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ABSTRACT A numerical scheme that uses multi-frequency Newton iterations to reconstruct a rough surface
profile between two dielectric media is proposed. At each frequency sample, the scheme employs Newton
iterations to solve the nonlinear inverse scattering problem. At every iteration, the Newton step is computed
by solving a linear system that involves the Frechet derivative of the integral operator, which represents
the scattered fields, and the difference between these fields and the measurements. This linear system is
regularized using the Tikhonov method. The multi-frequency data is accounted for in a recursive manner.
More specifically, the profile reconstructed at a given frequency is used as an initial guess for the iterations at
the next frequency. The effectiveness of the proposedmethod is validated through numerical examples, which
demonstrate its ability to accurately reconstruct surface profiles even in the presence of measurement noise.
The results also show the superiority of the multi-frequency approach over single-frequency reconstructions,
particularly in terms of handling surfaces with sharp variations.

INDEX TERMS Inverse scattering problems, multi-frequency algorithm, Newton iterative method, rough
surface reconstruction, surface integral equations.

I. INTRODUCTION
Reconstruction of inaccessible rough surfaces frommeasured
scattered electromagnetic fields is a subject of significant
interest in various engineering disciplines, such as remote
sensing [1], [2], [3], [4], optical system measurement [5],
subsurface imaging [6], [7], [8], ultrasonic applications like
wall-thickness measurement [9], damage detection [10],
[11], and nondestructive testing [12], [13], [14]. This
reconstruction requires solving an inverse problem where
the scattered fields are represented as convolutions of the
Green functions of the background media with the fields
on the unknown surface profile [15]. This inverse problem
is inherently ill-posed due to the contamination of the
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measured scattered field data by noise and the ‘‘smoothing’’
effect introduced by the convolution integrals [16], [17].
Furthermore, the scattered fields are nonlinear functions of
the unknown surface profile [16], [17]. The ill-posedness and
nonlinearity of the inverse problem make the reconstruction
of the surface profile a highly challenging task.

Among the methods that are developed to address
these challenges, semi-analytical approaches that rely on
Kirchhoff [18], small-perturbation [19] and Rytov [20]
approximations, or low-order expansion of fields [21]
and fully numerical approaches that rely on reverse time
migration (RTM) [22] can be considered ‘‘direct’’ solution
techniques, i.e., they are non-iterative.

The other group of solution techniques [23], [24], [25],
[26], [27], [28], [29], [30], [31], [32] minimize the error
between the measured scattered fields and the scattered
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fields of a predicted profile that is updated iteratively to
‘‘linearize’’ the inverse problem. Often, the regularization is
applied at every iteration to alleviate the ill-posedness. The
method described in [23], [24], and [25] iteratively updates
the derivative of the field on the surface and the surface
profile that are coupled via the convolution integral and a
simple relationship that is obtained under the assumption
of grazing incident field. In [26] and [27], Landweber
iterations are used for linearization and regularization of
the reconstruction of periodic gratings and rough surfaces
from phaseless data, respectively. In contrast, the method
proposed in [28] inverts the full scattered fields (with phase
and amplitude) to reconstruct rough surfaces separating two
dielectric media. A Newton method is used for linearization
while the regularization at every Newton iteration is carried
out by applying the truncated conjugate gradient method to
the normal equation of the Newton update.

Similarly, in [29], a Newton method is used for the
reconstruction of rough surfaces separating two dielectric
media from full scattered-field measurements. At every
iteration, a linear system in the Newton step of the unknown
profile is constructed. This linear system involves the Frechet
derivative of the convolution operator, which is used in the
representation of the fields scattered from the profile updated
at that iteration and the difference between these scattered
fields and the measurements. To alleviate the ill-posedness of
this linear system, Tikhonov regularization is applied before
it is solved for the Newton step. In [30], a similar iterative
method is developed for the reconstruction of sound-soft
rough surfaces of acoustics. In [31] and [32], the Newton
method in [29] is extended for reconstruction using phaseless
data and reconstruction of impedance surfaces, respectively.

The performance of these iterative approaches can be
improved using multi-frequency/multi-resolution based tech-
niques since the use of multi-frequency/scale data alleviates
the effects of ill-conditioning, reduces the occurrence of
false solutions, and helps to avoid local minima of the
minimization problem by mitigating the effects of non-
linearity [33], [34], [35]. Indeed, these techniques have been
used to improve solutions of inverse scattering problems in
a range applications changing from ground penetrating radar
(GPR) [8], [36] to microwave imaging [37], non-destructive
testing [38] and diffraction tomography [39]. In [8], a multi-
scale and multi-frequency approach is used to iteratively
reconstruct the scatterer profile from time-domain GPR data.
In [36], a multi-frequency contrast source imaging (CSI)
method that exploits multi-viewwide bandGPR data is devel-
oped to reconstruct pixel-sparse subsurface objects. In [37],
a recursive multi-scale approach is used in conjunction with
the contradiction integral equation to retrieve the unknown
relative permittivity of a complex-shaped strong scatterer.

In this work, the Tikhonov-regularized Newton iterative
scheme, which is proposed in [29] to reconstruct a rough sur-
face separating two dielectric media from full scattered-field
measurements, is extended to account for multi-frequency
data. This extension represents the primary contribution of

the study. Additionally, the advantages of using the resulting
multi-frequency Newton iterations are clearly demonstrated.
More specifically:

1) The use of multi-frequency data improves the accuracy
and the resolution of the reconstruction as demon-
strated by the numerical examples in Section III.
For instance, for the example in Section III-D, the
single-frequencyNewton iterations fail to capture sharp
surface features, whereas the proposedmulti-frequency
method reconstructs a profile much closer to the actual
surface.

2) The multi-frequency data are incorporated iteratively,
with the reconstruction at each frequency serving as
an initial guess for the Newton iterations at the next
frequency. This approach mitigates the nonlinearity of
the inverse problem, leading to more robust, stable,
and efficient reconstructions. For several examples
in Section III, the single-frequency Newton iterations
fail to converge while the multi-frequency method
reconstructs the surface accurately. For the second
example in Section III-F, the multi-frequency Newton
method reconstructs the surface faster andwith a higher
level of accuracy than its single-frequency version.

3) In addition to these two main points, an extensive set
of examples are provided to demonstrate the robustness
and accuracy of multi-frequency reconstruction across
various noise levels, different numbers of measure-
ments and frequency sampling rates. These results
have archival value and can serve as a reference for
validation of other approaches.

The rest of the paper is organized as follows: Section II
expounds on the formulation underlying the proposed
multi-frequencyNewton iterations. Section II-A describes the
set-up of the problem. Section II-B provides the formulation
for the forward scattering problem in terms of integral
equations. Section II-C describes the linearization of the
nonlinear inverse scattering problem via Newton iterations
and its regularization via the Tikhonov method. Section II-D
provides the final form of the proposed method in the form
of an algorithm and describes how multi-frequency data is
accounted for. Comprehensive numerical results are provided
in Section III to demonstrate the applicability, accuracy,
and efficiency of the proposed multi-frequency Newton
iterations. Finally, conclusions follow in Section IV.

II. FORMULATION
A. PROBLEM SETUP
Fig. 1 describes the two-dimensional (2D) scattering problem
involving a rough surface that separates two penetrable
media. It is assumed that �1 is lossless and �2 is lossy
with finite conductivity. The permeability, the permittivity,
and the wavenumber in �1 are denoted by µ1, ε1, and
k1 and the permeability, the permittivity, the conductivity,
and the wavenumber in �2 are denoted by µ2, ε2, σ2,
and k2, respectively. The rough surface separating �1 and
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�2 is denoted by 0 and expressed using a continuous height
function y = s(x), L/2 ≥ x ≥ −L/2. Since 0 is assumed
to be of finite length, a ‘‘traditional’’ plane wave excitation
gives rise to diffraction on the edges of the surface. Therefore,
a plane wave with the Thorsos taper is used as excitation [40].
Assuming that the plane wave originates in �1, the incident
field is expressed using

uinc(r) = eik1k̂
inc

·re
−

(
x+y tan θ inc

g

)2

e
i
(
ξ (r)k1k̂inc·r

)
. (1)

In (1), r = (x, y) is the location vector in the 2D space, k̂inc =

(sin θ inc, − cos θ inc) is the direction of propagation, θ inc is the
angle of incidence, and the second and the third exponents are
the decay factor and the correction term associated with the
Thorsos taper, respectively. The decay factor is defined such
that uinc(r) decays in the direction perpendicular to k̂inc. The
correction term, where the function ξ (r) is defined as

ξ (r) =

[(
2
(
x + y tan θ inc

)2
g2

)
− 1

]
1(

k1g cos θ inc
)2 (2)

ensures that uinc(r) satisfies the scalar Helmholtz equation to
order 1/(k1g cos θ inc)3 [15]. In (1) and (2), the parameter g
controls the width of the taper.

B. FORWARD SCATTERING PROBLEM
Let u1(r) and u2(r) represent the total field in �1 and �2,
respectively. Using equivalence and extinction theorems [41],
one can obtain the integral representations of u1(r) and u2(r)
as

u1(r) = uinc(r) +

ˆ
0

[
K1(r, r′)u1(r′) − G1(r, r′)v1(r′)

]
dl ′

r ∈ �1 (3a)

u2(r) = −

ˆ
0

[
K2(r, r′)u2(r′) − G2(r, r′)v2(r′)

]
dl ′

r ∈ �2. (3b)

Here, Gm(r, r′) = (i/4)H (1)
0 (km

∣∣r − r′
∣∣), m ∈ {1, 2} is

the fundamental solution (Green function) of the scalar
Helmholtz equation in 2D unbounded space with wavenum-
ber km, H

(1)
0 (.) is the Hankel function of the first kind and

order zero, and Km(r, r′) = n̂(r′) · ∇
′Gm(r, r′), r′

∈ 0 is
the derivative of Gm(r, r′) with respect to surface unit normal
vector n̂(r′). Note that n̂(r), r ∈ 0 points from �2 to �1.
Similarly, vm(r) = n̂(r) · ∇um(r), r ∈ 0 is the derivative of
um(r) with respect to n̂(r). The fields u1(r) and u2(r) and their
normal derivatives v1(r) and v2(r) are continuous on 0:

u1(r) = u2(r) = u(r), r ∈ 0 (4a)

v1(r) = v2(r) = v(r), r ∈ 0. (4b)

FIGURE 1. 2D scattering problem involving a rough surface separating
two dielectric media.

Inserting (4a) and (4b) into (3a) and (3b) and letting r → 0

yield a coupled system of two integral equations:

1
2
u(r) − −

ˆ
0

K1(r, r′)u(r′) dl ′ +
ˆ

0

G1(r, r′)v(r′) dl ′

= uinc(r), r ∈ 0 (5a)
1
2
u(r) + −

ˆ
0

K2(r, r′)u(r′) dl ′ −
ˆ

0

G2(r, r′)v(r′)dl ′

= 0, r ∈ 0 (5b)

Symbol ‘‘−’’ shown on the first integrals of (5a) and (5b)
means that these integrals are to be evaluated in the Cauchy
principle value sense [42].

Equations (5a)-(5b) define the forward scattering problem.
For a given 0 = s(x) and a given uinc(r), they are
numerically solved for u(r) and v(r), r ∈ 0 as described
next. For numerical solution, the finite domain −L/2 ≤

x ≤ L/2, is divided into N s number of equal segments of
width w. Midpoints of these segments are represented by
xsi , i = 1, 2, . . . ,N s. Unknowns u(x, s(x)) and v(x, s(x)) are
expanded in terms of basis functions as

u(x, s(x)) =

N s∑
i=1

ūifi(x) (6a)

v(x, s(x)) =

N s∑
i=1

v̄ifi(x). (6b)

Here, fi(x) are the pulse basis functions (see Appendix A),
and ū and v̄ are the vectors that collect the unknown
coefficients associated with these basis functions. Inserting
expansions (6a) and (6b) into (5a) and (5b) and point testing
the resulting equations at xsj , j = 1, 2, . . . ,N s yields a matrix
equation as [

Z̄11 Z̄12

Z̄21 Z̄22

]
︸ ︷︷ ︸

Z̄

[
ū
v̄

]
=

[
ūinc

0̄

]
. (7)

Here, ūinc is the vector of the tested incident field, and
Z̄ is the impedance matrix. Their elements are detailed in
Appendix A. In this work, the matrix equation (7) is solved by
directly inverting the impedance matrix but for large N s, one
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can use an iterative method together with well-established
acceleration techniques to reduce the computation time and
the memory requirement [43], [44], [45], [46], [47].

C. INVERSE SCATTERING PROBLEM
The scattered field usca(r) in �1 is expressed in terms of u(r′)
and v(r′) using (3a) as

usca(r) = u1(r) − uinc(r)

=

ˆ
0

[
K1(r, r′)u(r′) − G1(r, r′)v(r′)

]
dl ′, r ∈ �1.

(8)

Equation (8) can be written in a more compact form as

usca(r) = D[s, u, v](r) (9)

where the operator D[s, u, v](r) is given by

D[s, u, v](r) =

ˆ
0(s)

[
K1(r, r′)u(r′) − G1(r, r′)v(r′)

]
dl ′.

(10)

For the inverse scattering problem, the field scattered from
0 = s(x) under excitation by uinc(r) is measured at N r

number of points located in �1. The locations of these
points are represented by rr = (xrj , α), j = 1, 2, . . . ,N r

(see Fig. 1). This measured scattered field is represented by
umea(rr). Then, the inverse scattering problem is defined as
reconstructing the unknown s(x) from umea(rr), i.e., it calls
for solving

D[s, u, v](xrj , α) = umea(xrj , α), j = 1, 2, . . . ,N r (11)

for s(x). Equation (11) is nonlinear in s(x), u(r), and v(r)
[this can be seen from (5a)-(5b) and (10)-(9)]. Therefore,
its numerical solution calls for linearization [16]. In this
work, this is done using a Newton iterative method [29].
Let n represent the Newton iteration number, and superscript
‘‘(n)’’ attach to a variable in braces mean that that variable
is updated/computed at iteration n. The resulting Newton
update equation reads:

D′

[
{s}(n), {u}(n), {v}(n)

]
(xrj , α){δs(x)}

(n)
= umea(xrj , α)

−D
[
{s}(n), {u}(n), {v}(n)

]
(xrj , α), j = 1, 2, . . . ,N r

(12)

where δs(x) is the unknown Newton step and D′[s, u, v](r)
is the Frechet derivative of the operator D[s, u, v](r) with
respect s(x) [29]. Equation (12) is numerically solved for
{δs(x)}(n). To facilitate the numerical solution, {s(x)}(n) and
{δs(x)}(n) are expanded in terms of (entire-domain) basis
functions as

{s(x)}(n) =

N p∑
i=1

{s̄i}(n)φi(x) (13a)

{δs(x)}(n) =

N p∑
i=1

{d̄i}(n)φi(x)z (13b)

Here, φi(x) are the spline-type basis functions (see
Appendix B), and s̄ and d̄ are the vectors that collect
the coefficients associated with these basis functions.
To compute the unknown vector d̄ , first, (13a) is used in
the forward problem with {s(x)}(n) as the input, then the
forward problem matrix equation (7) is solved for {ū}(n)

and {v̄}(n). {u(x, s(x))}(n) and {v(x, s(x))}(n) approximated
using (6a) and (6a), and {s(x)}(n) and {δs(x)}(n) approximated
using (13a) and (13b) are inserted into (12). This yields a
matrix equation as

{C̄}
(n)

{d̄}
(n)

= {ūmea
}
(n)

− {ūsca}(n). (14)

Here, ūmea is the vector that collects the measured scattered
field samples, ūsca is the vector that collects the samples of
the fields scattered from s(x) being reconstructed, and C̄ is
the matrix that represents the discretized Frechet derivative
operator. Their elements are detailed in Appendix B.

({C̄H
}
(n)

{C̄}
(n)

+ τ Ī ){d̄}
(n)

= {C̄H
}
(n)({ūmea

}
(n)

− {ūsca}(n)). (15)

Here, C̄H is the Hermitian transpose of C̄ , Ī is the identity
matrix, and τ is the regularization parameter that satisfies
0 < τ < 1. In this work, the matrix equation (15) is
solved by directly inverting the matrix ({C̄H

}
(n)

{C̄}
(n)

+ τ Ī ).
Equation (15) is the final discretized form of the Newton
update equation that is solved for {d̄}

(n) at iteration n. The
next step at iteration n is to update {s(x)}(n+1) using

{s(x)}(n+1)
= {s(x)}(n) + {δs(x)}(n). (16)

Equation (16) can be expressed in terms of the expansion
coefficients {s̄}(n) and {d̄}

(n) using (13a) and (13b)

{s̄}(n+1)
= {s̄}(n) + {d̄}

(n). (17)

Newton iterations are terminated when convergence in
reconstruction is achieved, i.e., when the condition∥∥∥{s(x)}(n+1)

− {s(x)}(n)
∥∥∥
2

=

∥∥∥{δs(x)}n∥∥∥
2

≤ ξ (18)

is satisfied. Here, ξ is a user-defined threshold. Condition (18)
can be expressed in terms of the expansion coefficients {s̄}(n)

and {d̄}
(n) ∥∥∥{s̄}(n+1)

− {s̄}(n)
∥∥∥
2

=

∥∥∥{d̄}
n
∥∥∥
2

≤ ξ̃ , (19)

where, similarly, ξ̃ is a user-defined threshold.

D. MULTI-FREQUENCY NEWTON ITERATIONS
As briefly discussed in Section I, multi-frequency data can
be included in the iterative reconstruction process described
in Section II-C to increase its stability and accuracy [33], [34],
[35]. Assume that the scattered field measurements are taken
at N f number of frequency samples and let these samples
be represented by f(m), m = 1, 2, . . . ,N f. Then, the inverse
scattering problem described by (11) is updated as

D(m)[s, u(m), v(m)](xrj , α) = umea
(m) (x

r
j , α)

j = 1, 2, . . . ,N r,m = 1, 2, . . . ,N f. (20)
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In (20) and the rest of the text, subscript ‘‘(m)’’ attached to
a variable means that that variable is updated/computed at
frequency f(m). To solve the inverse scattering problem (20),
the Newton method briefly described in Section II-C and
detailed in [29] is adopted to account for the multi-frequency
data. The resulting multi-frequency Newton iterative method
reads:

0 : collect ūmea
(m) ,m = 1, 2, . . . ,N f and initialize {s̄(1)}(1)

1 : for m = 1, 2, . . . ,N f

2.1 : for n = 1, 2, . . .

2.1.1 : construct s(m)(x) using {s̄(m)}(n) in (13a)

2.1.2 : discretize s(m)(x) using w(m)

2.1.3 : compute {Z̄(m)}(n), ūinc(m)

2.1.4 : solve (7) for {ū(m)}(n), {v̄(m)}(n)

2.1.5 : compute {C̄(m)}
(n), {ūsca(m)}

(n)

2.1.6 : solve (15) for {d̄(m)}(n)

2.1.7 : update {s̄(m)}(n+1)
= {s̄(m)}(n) + {d̄(m)}(n)

2.1.8 : check ∥{d̄(m)}(n)∥2 ≤ ξ̃

2.1.8.a : no : continue Newton iterations at f(m)
2.1.8.b : yes : terminate Newton iterations at f(m)

update {s̄(m+1)}
(1)

= {s̄(m)}(n+1)

Several comments about the above algorithm are in order:
At Step 0, {s̄(1)}(1) is initialized to zero, i.e., {s̄(1)}(1) = 0̄
which means via (13a) that the starting point of the iterations
is a flat surface at y = 0. At Step 2.1.2, the discretization
segment sizew(m) is selected based on the spatial variations of
the fields at frequency f(m). These are determined by the real
and/or imaginary parts of the wavenumbers k1,(m) and k2,(m).
Note that as f(m) increases w(m) decreases and the number of
segments used in the discretization of the forward scattering
problem N s

(m) = L/w(m) increases. At Step 2.1.8, the
convergence of the Newton iterations f(m) is checked. If the
iterations converge (i.e., ∥{δs(m)(x)}(n)∥2 is small enough),
the algorithm moves to f(m+1) and sets the initial guess
for the Newton iterations at f(m+1) to the reconstruction
converged at frequency f(m) (as shown in the second row
of Step 2.1.8.b). The steps of the algorithm described
above are illustrated in the flowchart in Fig. 2 for added
clarity.

III. NUMERICAL RESULTS
In this section, numerical examples are presented to demon-
strate the effectiveness of the multi-frequency Newton
iterations. Let sref(x) represent the actual surface profile
in these numerical examples. sref(x) is generated using the
stationary random Gaussian process as described in [15],
[40]. Two user-defined parameters determine the shape of
sref(x): ℓ that denotes the correlation length and h that denotes
the standard deviation of the surface height. sref(x) is defined
in −L/2 ≤ x ≤ L/2, where L = 16m. In addition, tapered
cosine windows are implemented on the surface to guarantee

local roughness. This is done using the MATLAB built-in
tukeywin(L, r) function, where r = 25 cm is the cosine
fraction.

To generate ūmea, first, the fields scattered from sref(x) are
computed by solving the forward scattering problem, and
these fields are synthetically contaminated by noise using

ūmea
j = ūrefj + |ūrefj |Anei2πPn , j = 1, 2, . . . ,N r. (21)

Here,An represents the noise level andPn is a random number
uniformly distributed in the range [0, 1].

For all examples considered here, the permittivity and
the permeability in �1 and �2 are ε1 = ε0 and µ1 =

µ0 and ε2 = 4ε0 and µ2 = µ0, respectively. Here, ε0 and
µ0 are the permittivity and the permeability in free space.
The conductivity in �2 is σ2 = 10−5 S/m. For excitation,
the angle of incidence θ inc = 0◦ and the taper parameter
g = L/2. The measurements are taken at points rr = (xrj , α),
j = 1, 2, . . . ,N r, where α = 4.25m and xrj ∈ [xrsta : 1xr :

xrend] with x
r
sta = −10m and xrend = 10m. The samples of

frequency of operation f(m), m = 1, 2, . . . ,N f are in range
f(m) ∈ [fsta : 1f : fend].
For all examples, the segment width used in the dis-

cretization of the forward scattering problem is w(m) =

2π/(10|k2,(m)|), where k2,(m) is the wavenumber in �2 at
frequency f(m), the order of the spline basis functions is
p = 3, the Newton iterations are terminated using threshold
ξ = 5 × 10−3, and the Tikhonov regularization parameter
τ = 0.75 × 10−5.

The accuracy of the reconstruction is measured using

err (m) =

√√√√√√√√√√√

N s
(m)∑
i=1

[
s(N )
(m) (x

s
i,(m)) − sref(xsi,(m))

]2
N s
(m)∑
i=1

[
sref(xsi,(m))

]2 (22)

where s(N )
(m) (x) is the reconstruction at the last Newton iteration

(N ) at frequency f(m).

A. CONVERGENCE
The first example demonstrates the convergence of error
in the reconstruction over frequency. For the first example,
sref(x) is generated with ℓ = 0.7m and h = 0.07m. The
simulation parameters are An = 5%, fsta = 325MHz,
fend = 900MHz, 1f = 25MHz, 1xr = 10 cm, N r

= 200,
and N p

= 25.
Fig. 3 (a) compares the surface profiles reconstructed

at 350MHz, 800MHz, and 900MHz to sref(x). The figure
shows that reconstructions at 800MHz and 900MHz cannot
be easily distinguished by naked eye and are closer to sref(x)
than the construction at 350MHz. Fig. 3 (b) plots err (m)
versus frequency. It is apparent that the error drops and
the quality of the reconstruction increases with increasing
frequency.
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FIGURE 2. Flowchart describing the algorithm for the multi-frequency Newton iterations.

B. SINGLE VERSUS MULTI-FREQUENCY
RECONSTRUCTION
This example demonstrates that the inclusion ofmulti-frequency
data in the reconstruction increases its accuracy. sref(x) is
generated with ℓ = 0.55m and h = 0.06m. Two simulations
are carried out. In the first simulation (multi-frequency),
the simulation parameters are An = 0 (no noise), fsta =

400MHz, fend = 600MHz, 1f = 25MHz, 1xr = 20,
N r

= 100, and N p
= 20. The parameters of the second

simulation are same as the first one except the frequency. For
the second simulation, the reconstruction is carried out only
at a single frequency 600MHz.

Fig. 4 compares the surface profiles reconstructed by
the first (multi-frequency) and the second (single-frequency)
simulations at 600MHz to sref(x). As shown in the figure,
multi-frequency simulation produces a much more accu-
rate reconstruction. This example clearly demonstrates the
benefits of including multi-frequency data in the iterative
reconstruction process.

C. DEPENDENCE ON FREQUENCY SAMPLING
In this example, the dependence of the reconstruction
accuracy on the frequency sampling is investigated. sref(x) is

generated with ℓ = 0.4m and h = 0.07m. Five simulations
are carried out. The following parameters are kept the same
in all five simulations: An = 0 (no noise), fsta = 300MHz,
fend = 600MHz, 1xr = 10 cm, N r

= 200, and N p
= 17.

Then in each simulation 1f is set to a different value: 1f ∈

{10, 20, 50, 150, 300}MHz (corresponding to N f
∈ {31, 16,

7, 3, 2} number of frequency samples, respectively).
Fig. 5 (a) plots err(m) versus frequency for all five

simulations. The figure shows that smaller 1f yields a more
accurate reconstruction at fend (set to 600MHz in this case).
But this increase in accuracy saturates: The reconstructions
at 600MHz obtained by simulations with 1f = 10MHz to
1f = 50MHz reach roughly the same error level. This is
also demonstrated by Fig. 5 (b) where the surface profiles
reconstructed by the simulations with 1f = 10MHz, 1f =

20MHz, and 1f = 300MHz at 600MHz are compared to
sref(x). The reconstructions with 1f = 10MHz and 1f =

50MHz are very close to sref(x) while the reconstruction with
1f = 300MHz is not.

D. SURFACE PROFILE WITH SHARP VARIATIONS
For this example, the performance of the multi-frequency
Newton iterations in reconstructing a surface profile with
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FIGURE 3. Example in Section III-A. (a) Actual surface profile and the
reconstructions at 350 MHz, 800 MHz, and 900 MHz. (b) Error in
reconstruction computed using (22) versus frequency.

sharp variations. To this end, sref(x) is generated using
triangular functions

sref(x) =


x + 4, if − 6 ≤ x ≤ −3
x, if 0 ≤ x ≤ 2
4 − x, if 2 ≤ x < 4
0, otherwise

(23)

Two simulations are carried out. In the first simulation (multi-
frequency), the parameters are An = 0 (no noise), fsta =

400MHz, fend = 800MHz, 1f = 20MHz, 1xr = 10 cm,
N r

= 200, and N p
= 18. The parameters of the second

simulation are same as the first one except the frequency. For
the second simulation, the reconstruction is carried out only
at a single frequency 800MHz.

Fig. 6 compares the surface profiles reconstructed by
the first (multi-frequency) and the second (single-frequency)
simulations at 800MHz to sref(x). As expected, multi-
frequency reconstruction is significantly more accurate.
Single-frequency reconstruction can not capture the sharp
variations at all.

E. DEPENDENCE ON NOISE
In this example, the performance of the multi-frequency
Newton iterations is investigated for measurement data that is
contaminated by different levels of noise. sref(x) is generated
with ℓ = 0.5m and h = 0.05m. Eleven simulations are
carried out. The following parameters are kept the same in

FIGURE 4. Example in Section III-B. Actual surface profile and the
reconstructions obtained by the multi- and single-frequency simulations
at 600 MHz.

FIGURE 5. Example in Section III-C. (a) Error in reconstruction computed
using (22) versus frequency for the simulations with the frequency
increment 10 MHz, 20 MHz, 50 MHz, 150 MHz, 300 MHz. (b) Actual surface
profile and the reconstructions obtained by the simulations with the
frequency increment 10 MHz, 50 MHz, and 300 MHz at 600 MHz.

all eleven simulations: fsta = 425MHz, fend = 675MHz,
1f = 25MHz, 1xr = 10 cm, N r

= 200, and N p
= 18.

Then in each simulation An is set to a different value: An ∈

{3, 5, 7, 10, 12, 15, 20, 25, 30, 35, 40, 45, 50}%.
Fig. 7 (a) plots err(11) computed at fend = 675MHz by

each of these simulations versus the noise level. Fig. 7 (b)
compares the surface profiles reconstructed by the simula-
tions with An = 3%, An = 35%, and An = 50% to
sref(x). As expected, the measurements that are contaminated
the least lead to the most accurate constructions. It can be
deducted from Figs. 7 (a) and (b) that the multi-frequency
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FIGURE 6. Example in Section III-D. Actual surface profile and the
reconstructions obtained by the multi- and single-frequency simulations
at 800 MHz.

FIGURE 7. Example in Section III-E. (a) Error in reconstruction at 675 MHz
computed using (22) versus noise level. (b) Actual surface profile and the
reconstructions obtained by the simulations with noise level 3%, 35%,
and 50% at 675 MHz.

Newton iterations are rather robust to the noise in the
measurements.

F. COMPUTATION TIME
In this section, computation time requirement of the
multi-frequency Newton iterations is investigated using two
examples. In the first example, sref(x) is generated with
ℓ = 0.35m and h = 0.75m. The simulation parameters
are An = 0 (no noise), fsta = 400MHz, fend = 650MHz,
1f = 25MHz, N r

= 200 with 1xr = 10 cm and
N p

= 29. Fig. 8 (a) plots the CPU time required by the
Newton iterations to converge versus frequency. The figure
shows that the CPU time per frequency decreases after
500MHz even though the computational cost of solving (7)

FIGURE 8. First example in Section III-F (a) Time required by the Newton
iterations to converge versus frequency. (b) Number of iterations required
for convergence versus frequency. (c) Actual surface profile and the
reconstruction at 650 MHz.

increases with frequency (because w(m) decreases and N s
(m)

increases). This decrease in the CPU time is explained by
the fact that the number of Newton iterations decreases
because the reconstruction at one frequency is used as the
initial guess for the next one. This is shown in Fig. 8 (b),
which plots the number of iterations required for convergence
versus frequency. Fig. 8 (c) demonstrates the accuracy of the
reconstruction at the last frequency sample of 650MHz by
comparing it to sref. For the first example, single-frequency
Newton iterations do not converge except only at the first
frequency, but the resolution of the reconstruction at this
frequency is not high enough to accurately capture the
variations in the actual surface.

In the second example, a ‘‘simpler’’ surface with smaller
variations is selected to ensure that the single-frequency
Newton iterations can obtain an accurate reconstruction.
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FIGURE 9. Second example in Section III-F. (a) Cumulative CPU time
required by the multi-frequency Newton iterations to obtain the
reconstruction a given frequency (which includes the time required at
previous frequencies) and the CPU time required by the individual
executions of the single-frequency Newton iterations. (b) Number of
iterations required by the multi- and single-frequency Newton iterations
for convergence versus frequency. (c) Actual surface profile and the
reconstructions obtained by the multi- and single-frequency Newton
iterations at 400 MHz.

To this end, sref(x) is generated using

sref(x) = 0.1 [sin(0.8πx) + 2 sin(0.9πx)] e0.1x
2
. (24)

The simulation parameters for both multi- and single-
frequency methods are An = 0 (no noise), 1xr = 10 cm,
and N r

= 200, and N p
= 14. For the multi-frequency

method the frequency range is from fsta = 250MHz to fend =

400MHz with a step of 1f = 25MHz. The single-frequency
method is executed at the last three samples within this
range: 350MHz, 375MHz, and 400MHz. Fig. 9 (a) plots
the cumulative CPU time required by the multi-frequency
Newton iterations to obtain the reconstruction a given
frequency (which includes the time required at previous

FIGURE 10. Example in Section III-G. (a) Error in reconstruction at
500 MHz computed using (22) versus the measurement point spacing.
(b) Actual surface profile and the reconstructions obtained by the
simulations with the measurement point spacing 5 cm, 80 cm, and 100 cm
at 500 MHz.

frequencies) to the CPU time required by the individual
executions of the single-frequency Newton iterations. The
figure shows that the multi-frequency Newton iterations are
faster than the single-frequency Newton iterations. This is
expected because the number of iterations required by the
multi-frequency method are smaller than those required by
the single-frequency method due to the use of reconstruction
at the previous frequency as initial guess (see Fig. 9 (b) for the
comparison of number of iterations). Fig. 9 (c) compares the
reconstructions obtained by the single- and multi-frequency
Newton iterations at 400MHZ to sref. The errors in these
two reconstructions as computed using (22) are 13.37%
and 6.31% for the single- and the multi-frequency cases,
respectively. Fig. 9 clearly demonstrates that multi-frequency
Newton iterations achieve a more accurate reconstruction in
a shorter time.

G. DEPENDENCE ON THE NUMBER OF MEASUREMENTS
In the last example, the performance of the multi-frequency
Newton iterations is investigated for different numbers of
measurement points. sref(x) is generated with ℓ = 0.7m
and h = 0.08m. Twelve simulations are carried out.
The following parameters are kept the same in all twelve
simulations: An = 0 (no noise), fsta = 300MHz, fend =

500MHz, 1f = 20MHz, and N p
= 18. Then in each

simulation 1xr is set to a different value: 1xr ∈{2.5, 5, 7.5,
10, 15, 20, 30, 40, 50, 60, 80, 100} cm (corresponding toN r

∈

{800, 400, 266, 200, 133, 100, 66, 50, 40, 33, 25, 20} number
of measurement points, respectively).
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Fig. 10 (a) plots err(11) versus frequency for all twelve
simulations. Fig. 10 (b) compares the surface profiles
reconstructed by the simulations with 1xr = 5 cm, 1xr =

80 cm, and 1xr = 100 cm at 500MHz to sref(x).

IV. CONCLUSION
A numerical scheme that utilizes multi-frequency Newton
iterations to reconstruct rough surface profiles between two
dielectric media is presented. At each frequency sample,
the scheme applies Newton iterations to solve the nonlinear
inverse scattering problem. In each iteration, the Newton step
is determined by solving a linear system that involves the
Frechet derivative of the integral operator, which models the
scattered fields, and the difference between these fields and
the measured data. This linear system is regularized using the
Tikhonov method.

The scheme accounts for multi-frequency data in a
recursive manner, using the profile reconstructed at one
frequency as the initial guess for the next frequency’s
iterations. Numerical examples validate the effectiveness
of the proposed method, demonstrating its capability to
accurately reconstruct surface profiles even in the presence
of measurement noise. The results also highlight the superi-
ority of the multi-frequency approach over single-frequency
reconstructions, particularly in handling surfaces with sharp
variations.

The proposed algorithm can be extended to address layered
media problems, where multiple rough surfaces separate
more than two media, as well as to 3D surface imaging
problems. These extensions are considered for future work.

APPENDIX A

The pulse basis functions fi(x), i = 1, 2, . . . ,N s in
expansions (6a) and (6b) are defined as

fi(x) =

{
1 for (xsi − w/2) ≤ x ≤ (xsi + w/2)
0 otherwise.

(25)

The elements of the vector of tested incident field ūinc in (7)
are

ūincj = uinc(xsj , s(x
s
j )), j = 1, 2, . . . ,N s. (26)

The midpoint integration is used to evaluate the surface
integrals over segment i, which arise from the discretization
of (5a) and (5b). This leads to the following expressions for
the elements of the impedance matrix Z̄ in (7) [15]

Z̄11
ji =

−wiK1(rsj , r
s
i ) for j ̸= i

1
2

for j = i
(27a)

Z̄12
ji = wi

G1(rsj , r
s
i ) for j ̸= i

i
4

−
1
2π

[
(γ − 1) + ln

(k1wi
4

)]
for j = i

(27b)

Z̄21
ji =

wiK2(rsj , r
s
i ) for j ̸= i

1
2

for j = i
(27c)

Z̄22
ji = −wi

G2(rsj , r
s
i ) for j ̸= i

i
4

−
1
2π

[
(γ − 1) + ln

(k2wi
4

)]
for j = i

(27d)

i, j = 1, 2, . . . ,N s. Here, wi = w
√
1 + s(xsi )

2 is the length
of the surface corresponding to segment i and γ is the Euler’s
constant. To obtain the expressions for j = i in (27b)
and (27d), the small argument approximation of the Hankel
function H (1)

0 (.) is used [48].

APPENDIX B

The spline-type basis functions φ(x)i, i = 1, 2, . . . ,N p used
in expansions (13a) and (13b) are defined as [30], [49], [50],
[51], and [52]

φi(x) = φ([x − xi]/g), (28)

where g = L/2(N p
+ 5), xi = (i+ 2)(g− L/2), and

φ(x) =



p+1∑
q=0

(−1)q

p!

(
p+ 1
q

)(
x +

p+ 1
2

− q
)p

for
(
x +

p+ 1
2

)
≥ q

0, otherwise.

(29)

Here, p is the order of the spline functions.
The elements of the matrix C̄ in (14) are

Cji = −

ˆ
0(s)

∂sG1(r, r′)
∣∣∣
r=(xrj ,α)

v(r′)φi(r′)dl ′

+

ˆ
0(s)

∂sK1(r, r′)
∣∣∣
r=(xrj ,α)

u(r′)φi(r′)dl ′

j = 1, 2, . . . ,N r, i = 1, 2, . . . ,N p. (30)

Here,‘‘∂s’’ represents the derivative with respective to s, and
explicit expressions of ∂sG1(r, r′) and ∂sK1(r, r′) are given
in [29]. The integral in (30) is evaluated using the trapezoidal
integration rule.

The midpoint integration is used to evaluate the surface
integrals over segment i which arise from the discretization
ofD[s, u, v](xrj , α) in (12). This leads to following expression
for the elements of the vector ūsca in (14)

ūscaj =

N s∑
i=1

ūiwiK1(rrj, r
s
i ) −

N s∑
i=1

v̄iwiG1(rrj, r
s
i )

j = 1, 2, . . . ,N r. (31)
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