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QUANTUM VAN EST ISOMORPHISM

A. KAYGUN AND S. SÜTLÜ

Abstract. Motivated by the fact that the Hopf-cyclic (co)homology of the quantized algebras of
functions and quantized universal enveloping algebras are the correct analogues of the Lie algebra
and Lie group (co)homologies, we hereby construct three van Est type isomorphisms between
the Hopf-cyclic (co)homologies of Lie groups and Lie algebras, and their quantum groups and
corresponding enveloping algebras, both in ℎ-adic and @-deformation frameworks.

Introduction

The van Est Isomorphisms. Given a connected semisimple Lie group � and a maximal
compact subgroup  , and their Lie algebras g and k, in [27] van Est proved that there is
an isomorphism between the continuous Lie group cohomology of �, and the Lie algebra
cohomology of g relative to k. In this paper, we construct three different versions of the van Est
isomorphisms in Hopf-cyclic (co)homology using completely different techniques:

(i) For the Hopf algebra of the regular functions O(�) of an algebraic group � and the
enveloping Hopf algebra * (g) of its Lie algebra g.

(ii) For the ℎ-adic Hopf algebra of regular functions Oℎ (�) of an algebraic group � and the
ℎ-adic enveloping Hopf algebra*ℎ (g) of its Lie algebra g.

(iii) For the Hopf algebra of the @-deformation O@ (�) of an algebraic group� and the Drinfeld-
Jimbo deformation Hopf algebra of the enveloping algebra *@ (g) of its Lie algebra g.

It has been long established that certain classes of Hopf algebras may stand for the quantum
analogues of both Lie groups and Lie algebras. Then in [6, Thm. 15] Connes and Moscovici
showed that the Hopf-cyclic cohomology ��∗(* (g), ") of the universal enveloping algebra of
a Lie algebra g with coefficients in a g-module" , is the Lie algebra homology�∗(g, ") of* (g)

with coefficients in the same g-module " . Also proved therein was the analogous isomorphism
between the Hopf-cyclic homology and the Lie algebra cohomology.

Once the Hopf-cyclic homology and cohomology are identified as the correct cohomological
context, we first reconstruct the classical van Est isomorphism for the Hopf-cyclic (co)homology
of Lie groups and their Lie algebras. Allowing the full module-comodule generality on the
coefficient space, we obtained the van Est type isomorphisms

��∗(* (g),* (k), "∨) � ��∗(O(�), "∨)

in Proposition 4.4, and

��∗(* (g),* (k), ") � ��∗(O(�), ")

in Proposition 4.5, between the Hopf-cyclic (co)homology of O(�) with SAYD contra-module
coefficents " (resp. "∨ := Hom: (", :)) and the Hopf-cyclic (co)homology of * (g) relative
to * (k) of the Lie algebra k of a maximal compact subgroup  ⊆ �, with SAYD module
coefficients " (resp. "∨).
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2 A. KAYGUN AND S. SÜTLÜ

Next, we obtain the corresponding van Est isomorphisms for the ℎ-adic universal enveloping
algebras of Lie bialgebras and the ℎ-adic coordinate algebras of their Poisson-Lie groups. We
used the natural ℎ-filtration of the complexes to reduce the statement to the corresponding van Est
for the Hopf-cyclic (co)homology of Lie groups and Lie algebras. More precisely, in Theorem
5.1 and Theorem 5.2, we obtained isomorphisms

��∗(*ℎ (g),*ℎ(k), ") � ��∗(Oℎ (�), ")

and

��∗(*ℎ(g),*ℎ (k), "
∨) � ��∗(Oℎ (�), "∨)

between the Hopf-cyclic (co)homology of the ℎ-adic coordinate algebra Oℎ (�) of a Poisson-Lie
group � with coefficients in the SAYD contra-module " (resp. "∨) over Oℎ (�), and the
relative Hopf-cyclic (co)homology of the ℎ-adic enveloping algebra*ℎ(g) of the Lie (bi)algebra
g of� relative to the ℎ-adic enveloping algebra*ℎ(k) of the Lie algebra k of a maximal compact
subgroup  ⊆ � with coefficients in the SAYD module " (resp "∨).

The @-deformation case, however, proved to be substantially different than its ℎ-adic coun-
terpart. In the absence of a natural filtration, we were forced to rely on the Killing pairings
between*@ (6ℓ=) and O@ (�!(=)), and,*ext

@ (Bℓ=) and O@ ((!(=)). Then, for each of these pairs
*@ (g),O@ (�), we obtained in Theorem 6.1 the isomorphism

��∗(*@ (g), *@ (k), ") � ��∗(O@ (�/ ), ")

of Hopf-cyclic cohomologies, and in Theorem 6.2 the isomorphism

��∗(*@ (g), *@ (k), "
∨) � ��∗(O@ (�/ ), "∨)

of Hopf-cyclic homologies.

The Janus map. In [17] we obtained a cup-product like pairing

��
?

�
(�, ") ⊗ ��

@

�
(�, ") → ��?+@ (�)

whose ingredients were the Hopf-cyclic cohomology of a Hopf algebra � with coefficients
in a SAYD module " , the Hopf-cyclic cohomology of a �-module algebra � with the same
coefficient module " , and the ordinary cyclic cohomology of �. Even though the pairing is
most useful in its cohomological manifestation it was constructed on the level of (co)cyclic
objects:

(0.1) 3806Δ� (�
�
• (�, ") ⊗ �•

� (�, ")) → �• (�).

One of the most interesting properties of the cyclic category Δ� is that it is isomorphic to its
opposite category Δ�>? . For ordinary algebras and coalgebras, the default (co)cyclic object �•

is possibly non-trivial while its cyclic dual ◦�• is surely trivial (point-like). However, this is not
necessarily the case for Hopf algebras and Hopf-equivariant (co)cyclic objects we construct for
Hopf-module (co)algebras. Thus, one can think of the Connes-Moscovici pairing (0.1) in the
dual cyclic setting where the target ◦�• (�) collapses. This fact allows us to reformulate (0.1)
as a duality between graded vector spaces of dual cyclic (co)homologies ◦��∗

�
(�, ") and

◦��∗
�
(�, "). Thus the van Est map and the Connes-Moscovici characteristic become the two

different faces of the same pairing which we now call as the Janus map. We investigate this
approach in the Appendix.
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Plan of the article. The paper is organized in six main sections, and an appendix. The first
three chapters contain the background material, and therefore, can be skipped by specialists.

In Section 1 we recall the classical van Est isomorphism to set up the background and the
notation. We recall the (continuous) Lie group cohomology in Subsection 1.1, the Lie algebra
cohomology in Subsection 1.2, and the classical van Est isomorphism in Subsection 1.3.

Section 2, contains the results and definitions we need from various Hopf-cyclic (co)homology
theories with coefficients in both SAYD (stable anti-Yetter-Drinfeld) modules and SAYD contra-
modules. To be more precise, the Hopf-cyclic cohomologies (with SAYD module coefficients) of
module algebras and module coalgebras, along with the Hopf-cyclic homology for the comodule
algebra symmetry are recalled in Subsection 2.1. Then, following the brief survey of SAYD
contra-modules in Subsection 2.2, in Subsection 2.3 we recall the Hopf-cyclic cohomology
(with SAYD contra-module coefficents) for module algebras, and in Subsection 2.4 the Hopf-
cyclic homology (with coefficents in SAYD contra-modules) for module coalgebras. Finally, in
Subsection 2.5 we record the Hopf-cyclic cohomology for comodule algebras, once again with
SAYD contra-module coefficents.

Section 3 contains the necessary results we need from the relative and the absolute cyclic
(co)homology of Lie algebras. In Subsection 3.1 we outline stable and unimodular stable AYD
modules over Lie algebras, followed by the cyclic homology of a Lie algebra with coefficients
in a stable AYD module in Subsection 3.2. Finally, in Subsection 3.3, we recall the cyclic
cohomology of a Lie algebra, with unimodular stable AYD module coefficients.

Section 4 is where we prove the two van Est type isomorphisms for the classical Hopf algebras.
We recall in Subsection 4.1 the Hopf-cyclic homology of the coordinate algebra of functions on
an algebraic group with coefficients in an SAYD module. Also recalled in the same subsection,
is the Hopf-cyclic cohomology of the coordinate Hopf algebra of an algebraic group, but this
time with the coefficients in an SAYD contra-module. Then, in Subsection 4.2 we prove our
first van Est isomorphisms between the Hopf-cyclic (co)homology of the coordinate algebra of
functions on an algebraic group, and the relative Hopf-cyclic (co)homology of the universal
enveloping algebra of its Lie algebra relative to the universal enveloping algebra of the Lie
algebra of a maximal compact subgroup.

The van Est isomorphisms for ℎ-adic quantum groups and their corresponding ℎ-adic enveloping
algebras are proved in Section 5. We first recall the ℎ-adic Hopf algebra of functions for a Poisson-
Lie group, and the corresponding ℎ-adic enveloping algebra of its Lie (bi)algebra in Subsection
5.1. Then in Subsection 5.2, using the natural ℎ-adic filtration on Hopf-cyclic complexes, we
prove the van Est isomorphisms between the Hopf-cyclic (co)homology of the ℎ-adic Hopf
algebra of functions of a Poisson-Lie group, and the relative Hopf-cyclic (co)homology of the
ℎ-adic enveloping algebra of its Lie algebra relative to the quantized enveloping algebra of a
maximal compact subalgebra.

The @-deformation analogues of the Hopf-cyclic van Est isomorphisms, on the other hand, are
proved in Section 6. We first recall the extended quantum enveloping algebras in Subsection 6.1,
and the corresponding coordinate algebras of functions on quantum (linear) groups in Subsection
6.2. Then, using the existence of nondegenerate Killing pairings between these quantum
objects, we prove in Subsection 6.3 isomorphisms between the Hopf-cyclic (co)homology of the
coordinate algebra of a quantum linear group, and the relative Hopf-cyclic (co)homology of the
extended quantum enveloping algebra of the corresponding Lie algebra relative to the quantum
enveloping algebra of a maximal compact subalgebra.
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Finally, in the Appendix we investigate how the Connes-Moscovici characteristic map and the
Hopf-cyclic analogues of the van Est isomorphisms are related via a single pairing, that we
named as the Janus map, between Hopf-equivariant (co)cyclic objects.

1. The van Est map

In the present section we shall recall the classical van Est isomorphism of [27] from [7, Sect.
5], [14, Sect. 6], and [23].

Following the conventions of [7], we let � to be a connected semisimple real Lie group,  ⊆ �

a maximal compact subgroup, and g be the Lie algebra of �. More generally,� may be allowed
to have a finitely many connected components, see for instance [23, Sect. 3] wherein � is taken
to be a solvable simply connected Lie group.

1.1. Continuous group cohomology.

Let+ be a continuous�-module; that is,+ is a topologicalR-vector space equipped with a (left)
�-module structure � × + → + given by (G, E) ↦→ G · E which is continuous.

Now, let also �0
2 (�,+) denotes the space of all continuous maps from � to + , which is a

continuous �-module via
(G ⊲ 2)(H) := G · 2(G−1H),

for any G, H ∈ �, and any 2 ∈ �0
2 (�,+). Next, there comes the spaces of the higher cochains as

�=+1
2 (�,+) := �0

2 (�,�
=
2 (�,+)), = > 0.

Accordingly, for each = > 0, the space �=2 (�,+) may be identified with the space of all
continuous maps from the (=+1)-copy � × . . .×� of � to+ , topologized by the compact-open
topology, [14, Sect. 2]. Furthermore, each �=2 (�,+) is endowed with a continuous �-module
structure given by

(G ⊲ 2)(H0, . . . , H=) = G · 2(G
−1H0, . . . , G

−1H=),

for any G, H0, . . . , H= ∈ �.

Finally, setting

X : �=2 (�,+) → �=+1
2 (�,+), (X2)(G0, . . . , G=+1) :=

=+1∑

9=0

(−1) 9 2(G0, . . . , Ĝ 9 , . . . , G=+1),

we arrive at an injective resolution

(1.1) 0 // + // �0
2 (�,+)

X
// �1
2 (�,+)

X
// . . .

of+ , called the “homogeneous resolution”, [14, Sect. 2]. Now, the homology of the�-invariant
part of this (continuously) injective resolution1 is called the continuous group cohomology of
�, with coefficients in + , and it is denoted by �∗

2 (�,+).

As for the�-invariant part�=2 (�,+)
� of the space�=2 (�,+) of continuous =-cochains, it worths

mentioning that it may be identified with the space �=−1
2 (�,+) of continuous (= − 1)-cochains

via

q : �=2 (�,+)
� → �=−1

2 (�,+), q(2)(G1, . . . , G=) := 2(1, G1, G1G2, . . . , G1 · · · G=), = > 1

1As is shown in [14, Sect. 2] the homology of the �-fixed part is independent of the (continuously) injective
resolution of the coefficient space.
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whose inverse is given by

k : �=−1
2 (�,+) → �=2 (�,+)

� , k(2)(G0, . . . , G=) := G0 · 2(G
−1
0 G1, G

−1
1 G2, . . . , G

−1
=−1G=).

In particular, �0
2 (�,+)

�
� + by 5 ↦→ 5 (1).

As such, the continuous group cohomology may be may be computed by the non-homogeneous
cochains complex

(
�∗
2 (�,+)

� , X
)

:=

(⊕

=>0

�=2 (�,+)
� , X

)

where

X : �=2 (�,+)
� → �=+1

2 (�,+)� , = > 1,

X2(G1, . . . , G=+1) =

G1 · 2(G2, . . . , G=+1) +

=∑

9=1

(−1) 9+1 2(G1, . . . , G 9G 9+1, . . . G=+1) + (−1)=+1 2(G1, . . . , G=),

and
X : �0

2 (�,+)
� → �1

2 (�,+)
� , (XE)(G) = G · E − E.

1.2. Differential forms and (relative) Lie algebra cohomology.

Let, now, the �-action on + be differentiable in the sense of [14, Sect. 4], and �3 (�,+) be the
space of all differentiable (once again, in the sense of [14, Sect. 4]) maps from � to+ , which is
topologized in such a way that a fundamental system of neighborhoods of 0 consists of the sets

# (�, �,*) := { 5 ∈ �3 (�,+) | X( 5 )(�) ⊆ *, ∀ X ∈ �}

where � ⊆ � is a compact set, � is a (finite) set of differential operators on �3 (�, :), and * is
a neighborhood of 0 in + . Accordingly, �3 (�,+) is a continuous �-module with the �-action
� × �3 (�,+) → �3 (�,+) being (G · 5 )(H) := 5 (HG) for any G, H ∈ �, and any 5 ∈ �3 (�,+).

Next, let �= (�,+) be the space of +-valued differential =-forms on �, which may be identified
(regarding the Lie algebra elements as linear derivations on the algebra �3 (�, :) of differentiable
functions on �) with ∧=g∗ ⊗ �3 (�,+), under which the �-action concentrates on �3 (�,+),
where g∨ := Hom(g, :) refers to the linear dual, and

3 : �= (�,+) → �=+1(�,+),

(3U)(b0, . . . , b=) :=
=∑

9=0

(−1) 9 b 9
(
U(b0, . . . , b̂ 9 , . . . , b=)

)
+

∑

A<B

(−1)A+B U([bA , bB], b0, . . . , b̂A , . . . , b̂B, . . . , b=)

(1.2)

for any U ∈ �= (�,+), and any b0, . . . , b= ∈ g. As such, we arrive at a differential complex

0 // + // �0(�,+)
3

// �1(�,+)
3

// . . .

where, �= (�,+) has the structure of a �-module given by

(G ⊲ U)(b1, . . . , b=) := G · U(G−1 ⊲ b1, . . . , G
−1 ⊲ b=),

for any G ∈ �, and any b1, . . . , b= ∈ g, where

(G ⊲ b)( 5 ) := G ⊲ b (G−1 ⊲ 5 ),
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for any 5 ∈ �3 (�, :), and

(G ⊲ 5 )(H) := G 5 (G−1H),

for any G, H ∈ �. Then (1.2) respects the �-action, and the homology of the �-fixed part
�= (�,+)� � ∧=g∗ ⊗ + captures the Lie algebra cohomology �∗(g, +) with coefficients in + .

Accordingly, the space �= (�/ ,+) of +-valued differential =-forms on �/ may be identified
with∧= (g/k)∗⊗�3 (�/ ,+), where k is the Lie algebra of , and �3 (�/ ,+) � �3 (�,+)

 . As
such, the compatibility of (1.2) with the �-actions induces 3 : �= (�/ ,+) → �=+1(�/ ,+).

Furthermore, as a result of the Poincaré Lemma (see also for instance [23, Thm. 3.6.1], or [22,
Thm. 3.2]),

(1.3) 0 // + // �0 (�/ ,+)
3

// �1(�/ ,+)
3

// . . .

is a (continuously) injective resolution of+ , [14, Sect. 6]. Finally, �= (�/ ,+)� � +⊗∧= (g/k)∗,
see also [13, Thm. 3.1], with the coboundary operator induced from (1.2), reveals that the
homology of the �-invariant part of the resolution (1.3) coincides with the relative Lie algebra
cohomology �∗(g, k, +).

1.3. The van Est isomorphism.

Having two (continuously) injective resolutions (1.1) and (1.3) of + , the homologies of their �-
invariant parts are isomorphic; [14, Thm. 6.1], [23, 3.6.1], and [27]. The explicit isomorphism
that identifies the cohomologies, on the other hand, is given in [7, Thm. 5.1].

Along the lines of [7], we begin with > := { }, and continue for any G0 ∈ � with the 0-simplex
Δ(G0) := G−1

0 · >. Inductively (and relying on the fact that �/ is diffeomorphic to an euclidean

space), then, it is possible to set Δ(G0, . . . , G=) to be the geodesic cone of Δ(G1, . . . , G=) and
G−1

0 · >, the latter being the top point.

Accordingly, there is a map

Φ : �= (�/ ,+) → �=2 (�,+), Φ(U)(G0, . . . , G=) :=

∫

Δ(G0,...,G=)

U,

for any U ∈ �= (�/ ,+), and any G0, . . . , G= ∈ �, which is a �-equivariant map that commutes
with the respective differentials; [7, Thm. 5.1]. As such, it induces

Φ : �= (�/ ,+)� → �=2 (�,+)
� ,

via which the isomorphism �∗(g, k, +) � �∗
2 (�,+) is achieved.

2. Hopf-cyclic (co)homology with coefficients

In this section we shall collect various Hopf-cyclic homology and Hopf-cyclic cohomology
theories with coefficients in both SAYD modules and SAYD contra-modules.

2.1. Hopf-cyclic (co)homology of (co)module-(co)algebras.

We shall now recall from [10, Thm. 2.2] the Hopf-cyclic (co)homology, with coefficients in
stable anti-Yetter-Drinfeld (SAYD in short) modules, associated to the module algebra, module
coalgebra, and the comodule algebra symmetries.
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Let � be a :-Hopf algebra, � be a (left) �-module algebra (say, by ⊲ : � ⊗ � → �), and " a
right-left SAYD module over � via " ⊗ � → " , and ∇ : " → � ⊗ " by < ↦→ <

<−1> ⊗ <<0> .

Then,

�� (�, ") :=
⊕

=>0

�=� (�, "), �=� (�, ") := Hom� (" ⊗ �⊗ (=+1) , :),

where
(ℎ ⊲ i)(< ⊗ 0̃) := i(<ℎ(1) ⊗ ((ℎ(2) ) · 0̃)

for any 0̃ := 00 ⊗ · · · ⊗ 0= ∈ �⊗ (=+1) , any ℎ ∈ �, and any < ∈ " , may be endowed with a
cocyclic structure by the cofaces

38 : �=−1
� (�, ") → �=� (�, "), 0 6 8 6 =,

(38i)(< ⊗ 00 ⊗ · · · ⊗ 0=) := i(< ⊗ 00 ⊗ · · · ⊗ 0808+1 ⊗ · · · ⊗ 0=), 0 6 8 6 = − 1,

(3=i)(< ⊗ 00 ⊗ · · · ⊗ 0=) := i(<
<0> ⊗ ((−1(<

<−1> ) ⊲ 0=)00 ⊗ 01 ⊗ · · · ⊗ 0=−1),

the codegeneracies

B 9 : �=+1
� (�, ") → �=� (�, "), 0 6 9 6 =,

(B 9i)(< ⊗ 00 ⊗ · · · ⊗ 0=) := i(< ⊗ 00 ⊗ · · · ⊗ 0 9 ⊗ 1 ⊗ 0 9+1 ⊗ · · · ⊗ 0=),

and the cyclic operator

C= : �=� (�, ") → �=� (�, "),

(C=i)(< ⊗ 00 ⊗ · · · ⊗ 0=) := i(<
<0> ⊗ (−1(<

<−1> ) ⊲ 0= ⊗ 00 ⊗ · · · ⊗ 0=−1).

The cyclic (resp. periodic cyclic) homology of the above cocyclic module is denoted by
��∗

�
(�, ") (resp. �%∗

�
(�, ")), and it is called the (periodic) Hopf-cyclic cohomology of the

�-module algebra �, with coefficients in " .

As for the Hopf-cyclic cohomology, under the module coalgebra symmetry, let � be a left
�-module coalgebra (say by · : � ⊗ � → �, 2 ⊗ ℎ ↦→ 2 · ℎ). Then,

�� (�, ") :=
⊕

=>0

�=� (�, "), �=� (�, ") := " ⊗� �
⊗ (=+1) ,

where
ℎ ⊲ 2̃ := ℎ(1) · 20 ⊗ ℎ(2) · 21 ⊗ · · · ⊗ ℎ(=+1) · 2=

for any 2̃ := 20 ⊗ · · · ⊗ 2= ∈ �⊗ (=+1), and any ℎ ∈ �, may be endowed with a cocyclic structure
by the cofaces

38 : �=−1
� (�, ") → �=� (�, "), 0 6 8 6 =,

38 (< ⊗� 2
0 ⊗ · · · ⊗ 2=−1) := < ⊗� 2

0 ⊗ · · · ⊗ 28(1) ⊗ 28(2) ⊗ · · · ⊗ 2=−1, 0 6 8 6 = − 1,

3= (< ⊗� 2
0 ⊗ · · · ⊗ 2=−1) := <

<0> ⊗� 2
0
(2) ⊗ 21 ⊗ · · · ⊗ 2=−1 ⊗ <

<−1> · 20
(1) ,

the codegeneracies

B 9 : �=+1
� (�, ") → �=� (�, "), 0 6 9 6 =,

B 9 (< ⊗� 2
0 ⊗ · · · ⊗ 2=) := < ⊗� 2

0 ⊗ · · · ⊗ 2 9 ⊗ Y(2 9+1) ⊗ · · · ⊗ 2=,

and the cyclic operator

C= : �=� (�, ") → �=� (�, "),

C= (< ⊗� 2
0 ⊗ · · · ⊗ 2=) := <

<0> ⊗� 2
1 ⊗ · · · ⊗ 2=−1 ⊗ <

<−1> · 20.
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The cyclic (resp. periodic cyclic) homology of the above cocyclic module is denoted by
��∗

�
(�, ") (resp. �%∗

�
(�, ")), and it is called the (periodic) Hopf-cyclic cohomology of the

�-module coalgebra �, with coefficients in " .

We next record the relative theory. More precisely, given a Hopf subalgebra  ⊆ �, Hopf-
cyclic cohomology of the quotient coalgebra C := � ⊗ : � �/� 

+, which is a left �-module
coalgebra in a natural way, yields the relative Hopf-cyclic cohomology (with coefficients), [6,
Thm. 12]. More precisely, in this case

�=� (C, ") = " ⊗� C⊗ =+1
� " ⊗ C⊗ = =: �= (�,  , ")

via

Φ : �=� (C, ") → �= (�,  , "), Φ(<⊗� 2
0⊗· · ·⊗2=) := <ℎ0

(1) ⊗ ((ℎ
0
(2) ) · (21⊗· · ·⊗2=),

considering 20 = ℎ0 ∈ C, for ℎ0 ∈ �. The cocyclic structure on

� (�,  , ") :=
⊕

=>0

�= (�,  , ")

is given by the cofaces

38 : �=−1
� (�,  , ") → �=� (�,  , "), 0 6 8 6 =,

30(< ⊗ 2
1 ⊗ · · · ⊗ 2=−1) := < ⊗ 1 ⊗ · · · ⊗ 21 ⊗ · · · ⊗ 2=−1,

38 (< ⊗ 2
1 ⊗ · · · ⊗ 2=−1) := < ⊗ 2

0 ⊗ · · · ⊗ 28(1) ⊗ 28(2) ⊗ · · · ⊗ 2=−1, 1 6 8 6 = − 1,

3= (< ⊗ 2
1 ⊗ · · · ⊗ 2=−1) := <

<0> ⊗ 2
1 ⊗ · · · ⊗ 2=−1 ⊗ <

<−1> ,

the codegeneracies

B 9 : �=+1
� (�,  , ") → �=� (�,  , "), 0 6 9 6 =,

B 9 (< ⊗ 2
1 ⊗ · · · ⊗ 2=+1) := < ⊗ 2

1 ⊗ · · · ⊗ 2 9 ⊗ Y(2 9+1) ⊗ · · · ⊗ 2=+1,

and the cyclic operator

C= : �=� (�, , ") → �=� (�,  , "),

C=(< ⊗ 21 ⊗ · · · ⊗ 2=) := <
<0>ℎ

1
(1) ⊗ ((ℎ1

(2) ) · (22 ⊗ · · · ⊗ 2=−1 ⊗ <
<−1>),

considering C ∋ 21 = ℎ1 with ℎ1 ∈ �. The cyclic (resp. periodic cyclic) homology of the
above cocyclic module is denoted by ��∗(�, , ") (resp. �%∗(�,  , ")), and it is called the
relative (periodic) Hopf-cyclic cohomology of � relative to  ⊆ �, with coefficients in " .

We shall finally need to recall the Hopf-cyclic homology of a comodule algebra, with coefficients.
Reading from [10, Sect. 3], let � be a Hopf algebra, � a right �-comodule algebra, say by

H : � → � ⊗ �, H(0) := 0(0) ⊗ 0(1) ,

and let " be a left/left SAYD module over �. There is, then, a cyclic structure on the complex

�� (�, ") :=
⊕

=>0

��= (�, "), ��= (�, ") := �⊗ =+1
�� "

given by the faces

X8 : ��= (�, ") → ��=−1(�, "), 0 6 8 6 =,

X8 (00 ⊗ · · · ⊗ 0= ⊗ <) := 00 ⊗ · · · ⊗ 0808+1 ⊗ · · · ⊗ 0= ⊗ <, 0 6 8 6 = − 1,

X= (00 ⊗ · · · ⊗ 0= ⊗ <) := 0(0)= 00 ⊗ 01 ⊗ · · · ⊗ 0=−1 ⊗ 0
(1)
= <,
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the codegeneracies

f9 : ��= (�, ") → ��=+1(�, "), 0 6 9 6 =,

f9 (00 ⊗ · · · ⊗ 0= ⊗ <) := 00 ⊗ · · · ⊗ 0 9 ⊗ 1 ⊗ 0 9+1 ⊗ · · · ⊗ 0= ⊗ <,

and the cyclic operator

g= : ��= (�, ") → ��= (�, "),

g= (00 ⊗ · · · ⊗ 0= ⊗ <) := 0(0)= ⊗ 00 ⊗ 01 ⊗ · · · ⊗ 0=−1 ⊗ 0
(1)
= <.

The cyclic (resp. periodic cyclic) homology of the above cocyclic module is denoted by
���∗ (�, ") (resp. �%�∗ (�, ")), and it is called the (periodic) Hopf-cyclic homology of the
�-comodule algebra �, with coefficients in " .

2.2. Contramodule coefficients.

Let us first recall the notion of a (right) contra-module over a coalgebra from [3], see also [24].

A vector space " is called a (right) contra-module over a coalgebra �, if it may be equipped
with a linear map U : Hom(�, ") → " that fits into the (commutative) diagrams

Hom(�,Hom(�, "))

�

��

Hom(�,U)
// Hom(�, ")

U

��

Hom(� ⊗ �, ")
Hom(Δ,")

// Hom(�, ")
U

// "

where the vertical isomorphism on the left is the usual hom-tensor adjunction, and

Hom(:, ")

�

%%❑
❑❑

❑❑
❑❑

❑❑
❑

Hom(Y,")
// Hom(�, ")

U
yyss
ss
ss
ss
ss

"

Given a Hopf algebra �, a left �-module right �-contra-module " is called a SAYD contra-
module if

(i) ℎ · U( 5 ) = U(ℎ(2) · 5 ((−1(ℎ(1) )(_)ℎ(3) )), and
(ii) U(A`) = `

for any ` ∈ " , any ℎ ∈ �, and any 5 ∈ Hom(�, "), where A` : � → " is the mapping
ℎ ↦→ ℎ · `.

As is known, see for instance [3, 12, 24], if " is a left �-comodule by ∇ : " → � ⊗ " , then
"∨ := Hom(", :) is a right �-contra-module by

U := Hom(∇, :) : Hom(�, "∨) = Hom(�,Hom(", :)) � Hom(�⊗", :) → Hom(", :) = "∨,

more explicitly,

U( 5 )(<) = 5 (<
<−1> ⊗ <

<0>),

for any 5 ∈ Hom(�, "∨), and any < ∈ " . Furthermore, if " is a right-left SAYD module
over �, then "∨ := Hom(", :) is a left-right SAYD contra-module over �.
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2.3. Hopf-cyclic cohomology (with contramodule coefficients) of module algebras.

Given a left �-module algebra �, and a right-left SAYD module " over �, let �=
�
(�, "∨) :=

Hom� (�
⊗ (=+1), "∨) be the space of left �-linear maps. Then, it follows from [24, Prop. 2.2]

that the isomorphisms

I : �=� (�, ") → �=� (�, "
∨), I(i)(00 ⊗ · · · ⊗ 0=)(<) := i(< ⊗ 00 ⊗ · · · ⊗ 0=)

and

J : �=� (�, "
∨) → �=� (�, "), J (q)(< ⊗ 00 ⊗ · · · ⊗ 0=) := q(00 ⊗ · · · ⊗ 0=)(<)

pull the cocyclic structure on �� (�, ") onto

�� (�, "
∨) :=

⊕

=>0

�=� (�, "
∨), �=� (�, "

∨) := Hom� (�
⊗ (=+1), "∨).

The resulting cocyclic structure is given explicitly by the cofaces

d8 : �=−1
� (�, "∨) → �=� (�, "

∨), 0 6 8 6 =,

(d8q)(00 ⊗ · · · ⊗ 0=) := q(00 ⊗ · · · ⊗ 0808+1 ⊗ · · · ⊗ 0=), 0 6 8 6 = − 1,

(d=q)(00 ⊗ · · · ⊗ 0=) := U(q(((−1(_) ⊲ 0=)00 ⊗ 01 ⊗ · · · ⊗ 0=−1)),

the codegeneracies

s 9 : �=+1
� (�, "∨) → �=� (�, "

∨), 0 6 9 6 =,

(s 9q)(00 ⊗ · · · ⊗ 0=) := q(00 ⊗ · · · ⊗ 0 9 ⊗ 1 ⊗ 0 9+1 ⊗ · · · ⊗ 0=),

and the cyclic operator

t= : �=� (�, "
∨) → �=� (�, "

∨),

(t=q)(00 ⊗ · · · ⊗ 0=) := U(q((−1(_) ⊲ 0= ⊗ 00 ⊗ · · · ⊗ 0=−1)).

The cyclic (resp. periodic cyclic) homology of this cocyclic module is denoted by ��∗
�
(�, "∨)

(resp. �%∗
�
(�, "∨)), and it is called the (periodic) Hopf-cyclic cohomology of the �-module

algebra �, with coefficients in "∨.

Remark 2.1. Let � be a Hopf algebra, � a left �-module algebra, " a right/left SAYD module
over �. Then, in view of the hom-tensor adjunction,

Hom� (�
⊗ =+1, "∨) � Hom(" ⊗� �

⊗ =+1, :),

and hence the pairing

〈 , 〉 : �=� (�, "
∨) ⊗ �=,� (�, ") → :, 〈i, < ⊗� 00 ⊗ · · · ⊗ 0=〉 := i(00 ⊗ · · · ⊗ 0=)(<).

In other words, the Hopf-cyclic cohomology with SAYD contra-module coefficients of a module
algebra is obtained by dualizing the Hopf-cyclic homology of the same (module-)algebra with
SAYD coeffcients1.

1The Hopf-cyclic homology of the (left) �-module algebra �, with coeffcients in the SAYD module " over �
is computed by the complex

�� (�, ") :=
⊕

=>0

�=,� (�, "), �=,� (�, ") := " ⊗� �⊗ =+1 .
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2.4. Hopf-cyclic homology (with contramodule coefficients) of module coalgebras.

Given a left �-module coalgebra �, and a right-left SAYD module " over �, and let
�=,� (�, "

∨) := Hom� (�
⊗ (=+1), "∨) be the space of left �-linear maps. Then, it follows

from [3, Sect. 4] that the cocyclic structure on �� (�, ") induces a cyclic structure on the
complex

�� (�, "
∨) :=

⊕

=>0

�=,� (�, "
∨)

via the pairing

〈 , 〉 : �=,� (�, "
∨) ⊗ �=� (�, ") → :, 〈k, < ⊗� 2

0 ⊗ · · · ⊗ 2=〉 := k(20 ⊗ · · · ⊗ 2=)(<).

The resulting cyclic structure, then, may be given by the faces

X8 : �=,� (�, "
∨) → �=−1,� (�, "

∨), 0 6 8 6 =,

(X8k)(2
0 ⊗ · · · ⊗ 2=−1) := k(20 ⊗ · · · ⊗ 28(1) ⊗ 28(2) ⊗ · · · ⊗ 2=−1), 0 6 8 6 = − 1,

(X=k)(2
0 ⊗ · · · ⊗ 2=−1) := U(k(20

(2) ⊗ 21 ⊗ · · · ⊗ 2=−1 ⊗ (_) · 20
(1) )),

the degeneracies

f9 : �=,� (�, "
∨) → �=+1,� (�, "

∨), 0 6 9 6 =,

(f9k)(2
0 ⊗ · · · ⊗ 2=+1) := Y(2 9+1)k(20 ⊗ · · · ⊗ 2 9 ⊗ 2 9+2 ⊗ · · · ⊗ 2=+1),

and the cyclic operator

g= : �=,� (�, "
∨) → �=,� (�, "

∨),

(g=k)(2
0 ⊗ · · · ⊗ 2=) := U(k(21 ⊗ · · · ⊗ 2= ⊗ (_) · 20)).

The cyclic (resp. periodic cyclic) homology of this cyclic module is denoted by ��∗,� (�, "
∨)

(resp. �%∗,� (�, "∨)), and it is called the (periodic) Hopf-cyclic homology of the �-module
coalgebra �, with coefficients in "∨.

Now, given a Hopf-subalgebra  ⊆ �, let us set C = � ⊗ : � �/� +, which is a left
�-module coalgebra by the multiplication in �, that is,

6 · ℎ := 6ℎ.

It, then, follows at once that

�=,� (C, "
∨) � �= (�,  , "

∨) := Hom (C
⊗ =, "∨)

via

Λ : �=,� (C, "
∨) → �= (�,  , "

∨),

Λ(k)(21 ⊗ · · · ⊗ 2=) := k(1 ⊗ 21 ⊗ · · · ⊗ 2=),

whose inverse is given by

Λ−1 : �= (�,  , "
∨) → �=,� (C, "

∨),

Λ−1(q)(20 ⊗ · · · ⊗ 2=) := ℎ0
(1) ⊲ q(((ℎ0

(2) ) · (21 ⊗ · · · ⊗ 2=)),

for any q ∈ �= (�,  , "
∨), where we consider 28 := ℎ8 ∈ C � �/� +, 0 6 8 6 =. Accordingly,

the cyclic structure on �� (C, "∨) gives rise to a cyclic structure on

� (�,  , "∨) :=
⊕

=>0

�= (�,  , "
∨)



12 A. KAYGUN AND S. SÜTLÜ

consisting of the faces

X8 : �= (�,  , "
∨) → �=−1 (�,  , "

∨), 0 6 8 6 =,

(X0q)(2
1 ⊗ · · · ⊗ 2=−1) := q(1 ⊗ 21 ⊗ · · · ⊗ 2=−1),

(X8q)(2
1 ⊗ · · · ⊗ 2=−1) := q(21 ⊗ · · · ⊗ 28(1) ⊗ 2

8
(2) ⊗ · · · ⊗ 2=−1), 0 6 8 6 = − 1,

(X=q)(2
1 ⊗ · · · ⊗ 2=−1) := U(q(21 ⊗ · · · ⊗ 2=−1 ⊗ (_))),

the degeneracies

f9 : �= (�,  , "
∨) → �=+1 (�,  , "

∨), 0 6 9 6 =,

(f9q)(2
1 ⊗ · · · ⊗ 2=+1) := Y(2 9+1)q(21 ⊗ · · · ⊗ 2 9 ⊗ 2 9+2 ⊗ · · · ⊗ 2=+1),

and the cyclic operator1

g= : �= (�,  , "
∨) → �= (�, , "

∨),

(g=q)(2
1 ⊗ · · · ⊗ 2=) := ℎ1

(2) ⊲ U(q(((ℎ1
(3) ) · (22 ⊗ · · · ⊗ 2=) ⊗ (_)(−1(ℎ1

(1) ))),

see also [6, Def. 13]. The cyclic (resp. periodic cyclic) homology of this cyclic module is
denoted by ��∗(�,  , "

∨) (resp. �%∗(�,  , "
∨)), and it is called the relative (periodic)

Hopf-cyclic homology of the Hopf algebra �, relative to  ⊆ �, with coefficients in "∨.

Remark 2.2. As we have noted in Remark 2.1, let us record here that the Hopf-cyclic homology
of a module coalgebra, with SAYD contra-module coefficients, is obtained by dualizing the
Hopf-cyclic complex computing the Hopf-cyclic cohomology of the same module coalgebra,
with SAYD module coefficients.

2.5. Hopf-cyclic cohomology (with contramodule coefficients) of comodule algebras.

We shall now apply the strategy of Subsection 2.3 and Subsection 2.4 to obtain the Hopf-
cyclic cohomology, with contra-module coefficients, of comodule algebras. More precisely, we
shall dualise the complex computing the Hopf-cyclic homology (with coefficients in a SAYD
module) of a comodule algebra, to obtain the Hopf-cyclic cohomology (with coefficients in a
SAYD contra-module) of a comodule algebra.

Let � be a Hopf algebra, � a right �-comodule algebra (with the notation used above), and
let " be a left/left SAYD module over �. Let also "∨ := Hom: (", :), which is a right/right
SAYD contra-module over �. We shall, accordingly, consider the complex

�� (�, "∨) :=
⊕

=>0

�=,� (�, "∨),

�=,� (�, "∨) := Hom(�⊗ =+1
�� ", :) � Hom(�⊗ =+1, :) ⊗�◦ "∨.

The duality

〈 , 〉 : �=,� (�, "∨) ⊗��= (�, ") → :, 〈q⊗�◦ 5 , 00⊗ · · · ⊗0=⊗<〉 := q(00⊗ · · ·⊗0=) 5 (<)

1Although the presentation of the cyclic operator seems different from the one in [6, Def. 13], they are the same
when evaluated on an < ∈ " . Indeed,

(g=q) (2
1 ⊗ · · · ⊗ 2=) (<) = U(q(((ℎ1

(3) ) · (22 ⊗ · · · ⊗ 2=) ⊗ (_)(−1(ℎ1
(1) ))) (<ℎ1

(2) ) =

U(q(((ℎ1
(3) ) · (22 ⊗ · · · ⊗ 2=) ⊗ (<ℎ1

(2) )
<−1>(

−1(ℎ1
(1) )) ((<ℎ1

(2) )
<0>) =

q(((ℎ1
(3) ) · (22 ⊗ · · · ⊗ 2=) ⊗ ((ℎ1

(2) (3) )<
<−1>ℎ

1
(2) (1) (

−1(ℎ1
(1) )) (<ℎ1

(2) (2) ) =

q(((ℎ1
(2) ) · (22 ⊗ · · · ⊗ 2= ⊗ <

<−1> )) (<ℎ
1
(1) ).
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then, uses the cyclic structure on�� (�, ") in order to induce a cocyclic structure on�� (�, "∨)

through the cofaces

d8 : �=−1,� (�, "∨) → �=,� (�, "∨), 0 6 8 6 =,

(d8 (q ⊗�◦ 5 ))(00 ⊗ · · · ⊗ 0=) := q(00 ⊗ · · · ⊗ 0808+1 ⊗ · · · ⊗ 0=) 5 , 0 6 8 6 = − 1,

(d=(q ⊗�◦ 5 ))(00 ⊗ · · · ⊗ 0=) := q(0(0)= 00 ⊗ 01 ⊗ · · · ⊗ 0=−1)( 5 ⊳ 0
(1)
= ),

the codegeneracies

s 9 : �=+1,� (�, "∨) → �=,� (�, "∨), 0 6 9 6 =,

(s 9 (q ⊗�◦ 5 ))(00 ⊗ · · · ⊗ 0=) := q(00 ⊗ · · · ⊗ 0 9 ⊗ 1 ⊗ 0 9+1 ⊗ · · · ⊗ 0=) 5 ,

and the cyclic operator

t= : �=,� (�, "∨) → �=,� (�, "∨),

(t= (q ⊗�◦ 5 ))(00 ⊗ · · · ⊗ 0=) := q(0(0)= ⊗ 00 ⊗ 01 ⊗ · · · ⊗ 0=−1)( 5 ⊳ 0
(1)
= ).

The cyclic (resp. periodic cyclic) homology of this cocyclic module is denoted by��∗,�(�, "∨)

(resp. �%∗,� (�, "∨)), and it is called the (periodic) Hopf-cyclic cohomology of the�-comodule
algebra �, with coefficients in "∨.

3. Cyclic (co)homologies of Lie algebras

We shall now recall the (relative) cyclic homology and cyclic cohomology of Lie algebras, with
coefficients in SAYD modules and unimodular SAYD modules respectively.

3.1. Cyclic (co)homological coefficient spaces over Lie algebras.

Let us now recall from [26] the cyclic cohomology, with coefficients, for Lie algebras.

Let g be a Lie algebra, and let " be a right/left SAYD module over g, that is,

(i) " is a right g-module, in other words,

< [-1, -2] = (<-1)-2 − (<-2)-1

for any < ∈ " , and any -1, -2 ∈ g,
(ii) " is a left g-comodule, or equivalently, there is ∇ : " → g ⊗ " , ∇(<) := <[−1] ⊗ <[0] ,

so that

<[−2] ∧ <[−1] ⊗ <[0] = 0,

for any < ∈ " , where <[−2] ⊗ <[−1] ⊗ <[0] := <[−1] ⊗ <[0] [−1] ⊗ <[0] [0] ,
(iii) " is a right/left AYD module over g, in other words,

∇(<-) = <[−1] ⊗ <[0]- + [<[−1] , -] ⊗ <[0]

for any < ∈ " , and any - ∈ g, and finally
(iv) " is stable, that is,

<[0]<[−1] = 0,

for any < ∈ " .
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Let us note also that " is stable if and only if

(<\8)b8 = 0,

where {b8 | 1 6 8 6 dim(g)}, {\8 | 1 6 8 6 dim(g)} is a dual pair of basis, for g and g∗

respectively, and we consider the right ((g∗)-action as

<\ := \ (<[−1] )<[0]

for any < ∈ " , and any \ ∈ ((g∗). In this language, a right g-module left g-comodule " is said
to be unimodular stable if

(<b8)\
8 = 0.

3.2. Cyclic homology of Lie algebras.

Now, " being a right/left stable AYD module over g,

�A,B (g, ") :=

{
" ⊗ ∧B−Ag if 0 6 A 6 B,

0 otherwise,

is a bicomplex with the differentials

m�� : �A,B (g, ") → �A+1,B (g, ")(g, "),

m (< ⊗ -1 ∧ . . . ∧ -=) :=
∑

168< 96=

(−1)8+ 9−1< ⊗ [-8, - 9 ] ∧ -1 ∧ . . . ∧ -̂8 ∧ . . . ∧ -̂ 9 ∧ . . . ∧ -=+

∑

1686=

(−1)8+1<-8 ⊗ -1 ∧ . . . ∧ -̂8 ∧ . . . ∧ -=,

and

m : �A,B (g, ") → �A,B+1 (g, "),

m (< ⊗ -1 ∧ . . . ∧ -=) := <\8 ⊗ b8 ∧ -1 ∧ . . . ∧ -=.

The (total) homology of this bicomplex is denoted by ��∗(g, "), and it is called the cyclic
homology of g, with coefficients in " .

Similarly, the (total) homology of the bicomplex

�A,B (g, ") :=

{
" ⊗ ∧B−Ag if A 6 B,

0 otherwise,

is denoted by �%∗(g, "), and it is called the periodic cyclic homology of g, with coefficients in
" .

Two more remarks are in order.

If " is locally conilpotent, that is, for any < ∈ " there is ? ∈ N so that ∇? (<) = 0, then "
exponentiates to a SAYD module over* (g), [26, Prop. 5.10]. Furthermore, in this case,

��∗(* (g), ") � ��∗(g, ").

Finally, let us note that this cyclic homology theory for Lie algebras may be relativized. More
precisely, given a Lie subalgebra h ⊆ g, the relative cyclic (resp. periodic cyclic) homology
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��∗(g, h, ") (resp. �%∗(g, h, ")) is defined to be the homology of the bicomplex

�A,B (g, h, ") :=

{
" ⊗ ∧B−A (g/h) if 0 6 A 6 B,

0 otherwise,

(resp.

�A,B (g, h, ") :=

{
" ⊗ ∧B−A (g/h) if A 6 B,

0 otherwise.)

If, in addition, " is locally conilpotent, then [26, Thm. 6.2] yields at once that

��∗(* (g),* (h), ") � ��∗(g, h, ").

3.3. Cyclic cohomology of Lie algebras.

On the other hand, if + is a right/left unimodular stable AYD module over g, then

,A,B (g, +) :=

{
+ ⊗ ∧B−Ag∗ if 0 6 A 6 B,

0 otherwise,

is a bicomplex with the differentials

3�� : ,A,B (g, +) → ,A−1,B (g, +),

3��i(-1 ∧ . . . ∧ -=+1) :=
∑

168< 96=

(−1)8+ 9−1 i([-8, - 9 ] ∧ -1 ∧ . . . ∧ -̂8 ∧ . . . ∧ -̂ 9 ∧ . . . ∧ -=+1)+

∑

1686=

(−1)8+1 i(-1 ∧ . . . ∧ -̂8 ∧ . . . ∧ -=+1)-8,

and

3 : ,A,B (g, +) → ,A,B−1 (g, +),

3 i(-1 ∧ . . . ∧ -=−1) := i(b8 ∧ -1 ∧ . . . ∧ -=−1)\
8 .

The (total) homology of this bicomplex is denoted by ��∗(g, +), and it is called the cyclic
cohomology of g, with coefficients in + .

Similarly, the (total) homology of the bicomplex

,<,= (g, +) :=

{
+ ⊗ ∧=−<g∗ if < 6 =,

0 otherwise,

is denoted by �%∗(g, +), and is called the periodic cyclic cohomology of g, with coefficients in
+ .

Just as the cyclic homology of Lie algebras, cyclic cohomology theory for Lie algebras may be
relativized as well. Given a Lie subalgebra h ⊆ g, the relative cyclic (resp. periodic cyclic)
cohomology ��∗(g, h, +) (resp. �%∗(g, h, +)) is defined to be the homology of the bicomplex

,<,=(g, h, +) :=

{
+ ⊗ ∧=−< (g/h)∗ if 0 6 < 6 =,

0 otherwise,

(resp.

,<,= (g, h, +) :=

{
+ ⊗ ∧=−< (g/h)∗ if < 6 =,

0 otherwise.)
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We conclude the present paragraph with the following.

Proposition 3.1. If" is a right/left stable AYD module over g, then"∨ is a right/left unimodular
stable AYD module over g.

Proof. We recall from [26, Prop. 5.13] that " is a right/left stable AYD module over g if and
only if it is a stable right module over the (semi-direct sum) Lie algebra g∗ ⋊ g, that is,

(<b)\ − (<\)b = <(b ⊲ \)

for any < ∈ " , any b ∈ g, and any \ ∈ g∗. Accordingly, " happens to be a right module over
the semi-direct product algebra* (g∗ ⋊ g) � ((g∗) ⋊* (g).

On the other hand, " being a right module over g, and over ((g∗), "∨ bears a natural right
g-module structure

( 5 ⊳ b)(<) := − 5 (<b),

and a natural right ((g∗)-module structure by

( 5 ⊳ \)(<) := 5 (<\)

for any 5 ∈ "∨, any < ∈ " , any b ∈ g, and any \ ∈ g∗. Then,

(( 5 ⊳ b) ⊳ \ − ( 5 ⊳ \) ⊳ b)(<) = 5 (−(<\)b + (<b)\) =

5 (<(b ⊲ \)) = ( 5 ⊳ (b ⊲ \))(<)

that is, "∨ is a right g∗ ⋊ g-module. Furthermore, "∨ is unimodular stable. Indeed, for a dual
pair of bases {b8 | 1 6 8 6 dim(g)} and {\8 | 1 6 8 6 dim(g)},

(( 5 ⊳ b8) ⊳ \
8)(<) = − 5 ((<\8)b8) = 0,

for any 5 ∈ "∨, any < ∈ " , any b ∈ g, and any \ ∈ g. �

Proposition 3.2. Let " be a locally conilpotent stable AYD module over a Lie algebra g, let
"∨ be the corresponding AYD contramodule, and let also h ⊆ g be a Lie subalgebra. Then

��∗(* (g),* (h), "∨) � ��∗(g, h, "∨).

Proof. Let us first note that if " is a locally conilpotent right/left stable AYD over g, then it
follows from [26, Prop. 5.10 & Lemma 5.11] that it is a right/left SAYD module over* (g), and
hence "∨ is a left/right SAYD contra-module over * (g). Thus, the homology on the left hand
side is well-defined. The homology on the right hand side, on the other hand, is defined in view
of Proposition 3.1.

Now, being an AYD module over * (g), " admits an increasing filtration (�?")?∈Z, so that
�?"/�?−1" is a trivial * (g)-comodule for any ? ∈ Z, [15, Lemma 6.2]. Accordingly, an
isomorphism on the level of the �1-terms of the associated spectral sequences is given by [6,
Thm. 15]. More precisely, the Hochschild boundary map of the left hand side coincides with
the Koszul boundary map on the right hand side, and the Connes coboundary map of the former
coincides with the Chevalley-Eilenberg coboundary map of the latter. �

Corollary 3.3. Given two Lie algebras h ⊆ g, and a SAYD module " over g. Then,

��∗(g, h, "∨) = ��∗(g, h, ")∨.
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4. van Est isomorphism on classical Hopf algebras

In the present section we shall present two van Est type isomorphisms (one on the level of Hopf-
cyclic homology, and the one on the level of Hopf-cyclic cohomology) for the classical Hopf
algebras, that is, the coordinate algebra of functions on an algebraic group, and the universal
enveloping algebra of its Lie algebra.

4.1. Hopf-cyclic complexes of the coordinate Hopf algebras.

Let � be an (affine) algebraic group, and let O(�) be its the coordinate (Hopf) algebra (of
regular functions). Let also g denote the Lie algebra of �. We shall further let " be a right/left
SAYD module over* (g), in such a way that the g-action may be integrated into a (differentiable)
�-action.

Along the lines of [19, Subsect. 1.2.6], any element of g may be considered as a derivation on
O(�) via

- ( 5 )(G) :=
3

3C

����
C=0

5 (G exp(C-)).

Accordingly, O(�) is a left * (g)-module algebra. Furthermore,
(4.1)

〈 , 〉 : * (g)⊗O(�) → :, 〈-1 . . . -<, 5 〉 :=
3<

3C1 . . . 3C<

����
C1=...=C<=0

5 (exp(C1-1) . . . exp(C<-<))

is a Hopf pairing. As a result,  ⊆ � being a maximal compact subgroup with Lie algebra
k ⊆ g, the cocyclic complex � (* (g), * (k), ") induces1 a cyclic complex

� (O(�),O( ), "∨) =
⊕

=>0

�= (O(�),O( ), "∨), �= (O(�),O( ), "∨) := ("∨⊗O(�/ )⊗ =+1)�

where "∨ := Hom(", :) is the corresponding SAYD contramodule over * (g), given by the
faces

X8 : �= (O(�),O( ), "∨) → �=−1 (O(�),O( ), "∨), 0 6 8 6 =,

X8 ( 5 ⊗ 00 ⊗ · · · ⊗ 0=) := 5 ⊗ 00 ⊗ · · · ⊗ 0808+1 ⊗ · · · ⊗ 0=, 0 6 8 6 = − 1,

X= ( 5 ⊗ 00 ⊗ · · · ⊗ 0=) := U( 5 ⊗ (−1(_)(0=)00 ⊗ 01 ⊗ · · · ⊗ 0=−1),

the degeneracies

f9 : �= (O(�),O( ), "∨) → �=+1 (O(�),O( ), "∨), 0 6 9 6 =,

f9 ( 5 ⊗ 00 ⊗ · · · ⊗ 0=) := 5 ⊗ 00 ⊗ · · · ⊗ 0 9 ⊗ 1 ⊗ 0 9+1 ⊗ · · · ⊗ 0=,

and the cyclic operator

g= : �= (O(�),O( ), "∨) → �= (O(�),O( ), "∨),

g= ( 5 ⊗ 00 ⊗ · · · ⊗ 0=) := U( 5 ⊗ (−1(_)(0=) ⊗ 00 ⊗ · · · ⊗ 0=−1).

We shal denote the cyclic (resp. periodic cyclic) homology of this cyclic module by��∗(O(�),O( ), "∨)

(resp. �%∗(O(�),O( ), "∨)), and we shall call it the relative (periodic) Hopf-cyclic homology
of the O(�)-comodule algebra O(�/ ), with coefficients in the SAYD module "∨ over O(�).

The justification of the name follows from the observation that the complex� (O(�),O( ), "∨)

is indeed a Hopf-cyclic complex. To this end, we first note that left/right SAYD contra-module

1More precisely, the quotient coalgebra C = * (g) ⊗* (k) : dualizes into the subalgebra O(�/ ) ⊆ O(�), and
then the quotient space "∨ ⊗* (g) C

⊗ = dualizes into the subspace ("∨ ⊗ O(�/ )⊗ =)� .
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"∨ over * (g) may be considered a left/right SAYD module over the coordinate Hopf algebra
O(�).

Along the lines of [21, Chpt. 4], the left �-action on "∨, given by

� × "∨ → "∨, (G ⊲ 5 )(<) := 5 (< · G)

for any < ∈ " , any G ∈ �, and any 5 ∈ "∨, gives rise to a right O(�)-comodule structure

(4.2) ∇ : "∨ → "∨ ⊗ O(�), 5 ↦→ 5<0> ⊗ 5<1> ,

on "∨ through
5<0> 5<1> (G) = G ⊲ 5

for any G ∈ �, and any 5 ∈ "∨. Similarly, the left �-action

· : � × �/ → �/ , G · H := GH 

on �/ , for any G, H ∈ �, gives rise to a left O(�)-coaction

(4.3) H : O(�/ ) → O(�) ⊗ O(�/ ), 0 ↦→ 0(−1) ⊗ 0(0)

on the algebra O(�/ ) through

0(−1) (G)0(0) (H ) := 0(GH ) = (0 ⊳ G)(H ).

Moreover, (4.3) endows O(�/ ) with a left O(�)-comodule algebra structure. Indeed,

(0102)(−1) (G)(0102)(0) (H ) = 01(GH )02 (GH ) = 0
(−1)

1 (G)0
(−1)

2 (G)(0
(0)

1 0
(0)

2 )(H ),

for any 01, 02 ∈ O(�/ ), and any GH ∈ �. In other words,

(0102)(−1) ⊗ (0102)(0) = 0
(−1)

1 0
(−1)

2 ⊗ 0
(0)

1 0
(0)

2 .

Proposition 4.1. For any = > 0,

("∨ ⊗ O(�/ )⊗ =+1)� = "∨
�O(�) O(�/ )⊗ =+1.

Proof. We simply note that 5 ⊗ 00 ⊗ · · · ⊗ 0= ∈ ("∨ ⊗ O(�/ )⊗ =+1)� if and only if

( 5 ⊗ 00 ⊗ · · · ⊗ 0=) ⊳ G = G
−1 ⊲ 5 ⊗ (00 ⊗ · · · ⊗ 0=) ⊳ G = 5 ⊗ 00 ⊗ · · · ⊗ 0=,

or equivalently,
5 ⊗ (00 ⊗ · · · ⊗ 0=) ⊳ G = (G ⊲ 5 ) ⊗ 00 ⊗ · · · ⊗ 0=,

for any G ∈ �. Accordingly,

5 ⊗ (0
(−1)

0 . . . 0
(−1)
= )(G)(0

(0)

0 ⊗ · · · ⊗ 0
(0)
= ) = 5<0> 5<1> (G) ⊗ 00 ⊗ · · · ⊗ 0=,

for any G ∈ �, and hence

5 ⊗ 0
(−1)

0 . . . 0
(−1)
= ⊗ (0

(0)

0 ⊗ · · · ⊗ 0
(0)
= ) = 5<0> ⊗ 5<1> ⊗ 00 ⊗ · · · ⊗ 0=,

namely 5 ⊗ 00 ⊗ · · · ⊗ 0= ∈ "
∨
�O(�) O(�/ )⊗ =+1. �

On the other hand, it follows from the duality (4.1) that the left * (g)-coaction on " gives rise
to a right O(�)-action via

< ⊳ U = 〈<
<−1> , U〉<<0> ,

for any < ∈ " , and any U ∈ O(�), and hence a left O(�)-action

(4.4) ⊲ : O(�) ⊗ "∨ → "∨, (U ⊲ 5 )(<) := 5 (< ⊳ U)

on "∨.

Proposition 4.2. The action (4.4), and the coaction (4.2) endows "∨ with the structure of a
left/right SAYD module over O(�).
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Proof. Let us first consider the left/right AYD compatibility, for the details of which we refer
the reader to [11]. For any 0 ∈ O(�/ ), any G ∈ �, any < ∈ " , and any 5 ∈ "∨,

(0 ⊲ 5 )<0> (<)(0 ⊲ 5 )<1> (G) = (0 ⊲ 5 )(< · G) =

5 ((< · G) ⊳ 0) = 〈(< · G)
<−1> , 0〉 5 ((< · G)

<0> ) =

〈AdG−1 (<<−1> ), 0〉 5 (< · G) = 〈<
<−1> ,AdG (0)〉 5 (< · G) =

〈<
<−1> , 0(2) 〉0(1) (G

−1)0(3) (G) 5 (< · G) = (0(2) ⊲ 5<0> )(<)(0(3) 5<1> ((0(1) ))(G),

where

(< · G)
<−1> ⊗ (< · G)

<0> = AdG−1 (<
<−1> ) ⊗ <<0> · G

is the integration of the * (g)-AYD compatibility on " . As a result,

∇(0 ⊲ 5 ) = 0(2) ⊲ 5<0> ⊗ 0(3) 5<1> ((0(1) ).

As for the stability, we see at once that

( 5<1> ⊲ 5<0> )(<) = 5<0> (< ⊳ 5<1> ) = 〈<
<−1> , 5<1> 〉 5<0> (<

<0>) =

5 (<
<0><<−1>) = 5 (<),

for any < ∈ " , and any 5 ∈ "∨. Therefore,

5<1> ⊲ 5<0> = 5 .

�

Remark 4.3. The SAYD module " over* (g) may be considered as a right/left SAYD contra-
module over O(�).

As a result, the complex � (O(�), O( ), "∨) may be realized as

� (O(�),O( ), "∨) =
⊕

=>0

�= (O(�),O( ), "∨), �= (O(�),O( ), "∨) := "∨
�O(�) O(�/ )⊗ =+1

with the faces

X8 : �= (O(�),O( ), "∨) → �=−1 (O(�),O( ), "∨), 0 6 8 6 =,

X8 ( 5 ⊗ 00 ⊗ · · · ⊗ 0=) := 5 ⊗ 00 ⊗ · · · ⊗ 0808+1 ⊗ · · · ⊗ 0=, 0 6 8 6 = − 1,

X= ( 5 ⊗ 00 ⊗ · · · ⊗ 0=) := (0
(−1)
= ⊲ 5 ) ⊗ 0

(0)
= 00 ⊗ 01 ⊗ · · · ⊗ 0=−1,

the degeneracies

f9 : �= (O(�),O( ), "∨) → �=+1 (O(�),O( ), "∨), 0 6 9 6 =,

f9 ( 5 ⊗ 00 ⊗ · · · ⊗ 0=) := 5 ⊗ 00 ⊗ · · · ⊗ 0 9 ⊗ 1 ⊗ 0 9+1 ⊗ · · · ⊗ 0=,

and the cyclic operator

g= : �= (O(�),O( ), "∨) → �= (O(�),O( ), "∨),

g= ( 5 ⊗ 00 ⊗ · · · ⊗ 0=) := (0
(−1)
= ⊲ 5 ) ⊗ 0

(0)
= ⊗ 00 ⊗ 01 ⊗ · · · ⊗ 0=−1,

which is nothing but the Hopf-cyclic homology complex of the O(�)-comodule algebra
O(�/ ), with coefficients in the left/right SAYD module "∨ over O(�). Compare with
the left/left version in Subsection 2.1, and see also [10].

We shall see below that the cyclic (resp. periodic cyclic) homology of this cyclic module is
independent of the choice of the maximal compact subgroup  ⊆ �.
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As a result, the cyclic (resp. periodic cyclic) homology of the above cyclic module may be
denoted by ��∗(O(�), "∨) (resp. �%∗(O(�), "∨)), and it is called the (periodic) Hopf-
cyclic homology of the O(�)-comodule algebra O(�/ ), with coefficients in the SAYD module
"∨ over O(�).

Dually, in view of Subsection 2.5, we now consider the complex

� (O(�), O( ), ") =
⊕

=>0

�= (O(�),O( ), "),

�= (O(�),O( ), ") := Hom("∨
�O(�) O(�/ )⊗ =+1, :) � " ⊗* (g) Hom(O(�/ )⊗ =+1, :)

that fit into the pairing

〈 , 〉 : �= (O(�),O( ), "∨) ⊗ �= (O(�),O( ), ") → :,

〈 5 ⊗ 00 ⊗ · · · ⊗ 0= , < ⊗* (g) q〉 := 5 (<)q(00 ⊗ · · · ⊗ 0=),

for any q ∈ Hom(O(�/ )⊗ =+1, "). Accordingly, the cyclic structure on � (O(�),O( ), "∨)

induces a cocyclic structure on � (O(�), O( ), ") via the cofaces

38 : �=−1 (O(�),O( ), ") → �= (O(�),O( ), "), 0 6 8 6 =,

(38 (< ⊗* (g) q))(00 ⊗ · · · ⊗ 0=) := <q(00 ⊗ · · · ⊗ 0808+1 ⊗ · · · ⊗ 0=), 0 6 8 6 = − 1,

(3= (< ⊗* (g) q))(00 ⊗ · · · ⊗ 0=) := <
<0>q((

−1(<
<−1>)(0=)00 ⊗ 01 ⊗ · · · ⊗ 0=−1),

the codegeneracies

B 9 : �=+1(O(�),O( ), ") → �= (O(�),O( ), "), 0 6 9 6 =,

(B 9 (< ⊗* (g) q))(00 ⊗ · · · ⊗ 0=) := <q(00 ⊗ · · · ⊗ 0 9 ⊗ 1 ⊗ 0 9+1 ⊗ · · · ⊗ 0=),

and the cyclic operator

C= : �= (O(�),O( ), ") → �= (O(�),O( ), "),

(C=(< ⊗* (g) q))(00 ⊗ · · · ⊗ 0=) := <
<0>q((

−1(<
<−1>)(0=) ⊗ 00 ⊗ 01 ⊗ · · · ⊗ 0=−1).

Let us record also that (as was done in Subsection 2.5) the cyclic complex � (O(�), O( ), ")

computes the Hopf-cyclic cohomology of the O(�)-comodule algebra O(�/ ), with coeffi-
cients in the right/left SAYD contra-module " over O(�). Indeed, the isomorphism

" ⊗* (g) Hom(O(�/ )⊗ =+1, :) � Hom("∨
�O(�) O(�/ )⊗ =+1, :)

allows us to reorganize the complex � (O(�),O( ), ") with the cofaces

38 : �=−1 (O(�),O( ), ") → �= (O(�),O( ), "), 0 6 8 6 =,

(38 (< ⊗* (g) q))(00 ⊗ · · · ⊗ 0=) := <q(00 ⊗ · · · ⊗ 0808+1 ⊗ · · · ⊗ 0=), 0 6 8 6 = − 1,

(3= (< ⊗* (g) q))(00 ⊗ · · · ⊗ 0=) := (< ⊳ 0
(−1)
= )q(0

(0)
= 00 ⊗ 01 ⊗ · · · ⊗ 0=−1),

the codegeneracies

B 9 : �=+1(O(�),O( ), ") → �= (O(�),O( ), "), 0 6 9 6 =,

(B 9 (< ⊗* (g) q))(00 ⊗ · · · ⊗ 0=) := <q(00 ⊗ · · · ⊗ 0 9 ⊗ 1 ⊗ 0 9+1 ⊗ · · · ⊗ 0=),

and the cyclic operator

C= : �= (O(�),O( ), ") → �= (O(�),O( ), "),

(C= (< ⊗* (g) q))(00 ⊗ · · · ⊗ 0=) := (< ⊳ 0
(−1)
= )q(0

(0)
= ⊗ 00 ⊗ 01 ⊗ · · · ⊗ 0=−1),

which clearly is the complex computing the Hopf-cyclic cohomology of the O(�)-comodule
algebra O(�/ ), with coefficients in the right/left SAYD contra-module " over O(�).
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Similarly to the cyclic case above, we shall denote the cyclic (resp. periodic cyclic) homology
of the above cocyclic module by ��∗(O(�), ") (resp. �%∗(O(�), ")), and we shall refer
to it as the (periodic) Hopf-cyclic cohomology of the O(�)-comodule algebra O(�/ ), with
coefficients in the SAYD contra-module " over O(�).

4.2. The van Est isomorphism.

Proposition 4.4. Let � be an algebraic group, with the coordinate algebra O(�), and the
Lie algebra g. Let also  ⊆ � be a maximal compact subgroup, the Lie algebra of which
being k. Furthermore, let " be a right/left SAYD module over * (g), so that the g-action
may be integrated into a �-action, and "∨ = Hom(", :) the corresponding left/right SAYD
contra-module. Then,

(4.5) ��∗(* (g),* (k), "∨) � ��∗(O(�), "∨).

Proof. It follows from [15, Lemma 6.2] that since " is an AYD module over * (g), it admits a
(bounded) increasing filtration (�?")?∈Z, so that �?"/�?−1" is a trivial * (g)-comodule for
any ? ∈ Z. Accordingly, there is a decreasing filtration on "∨ by �?"∨ := Hom: (�?", :),
which satisfies

�?−1"
∨

�?"∨
�

(
�?"

�?−1"

)∗
.

We shall now compare the complexes� (* (g),* (k), �?−1"
∨/�?"

∨) and� (O(�), �?−1"
∨/�?"

∨)

in the �1-level of the associated spectral sequences.

As is given in the proof of [6, Thm. 15], the Hochschild boundary of the former coincides with
zero map, while the Connes coboundary operator corresponds to the Lie algebra (Chevalley-
Eilenberg) cohomology coboundary.

As for the latter, it follows from the Hochschild-Kostant-Rosenberg theorem that its Hochschild
homology classes may be identified with the space �(�/ , "∨)� of "∨-valued invariant
differential forms1. Moreover, it is also known that the Connes coboundary operator corresponds,
on these Hochschild classes, the exterior derivative of differential forms. On the other hand,
since  ⊆ � is a maximal compact subgroup, it is also known that �/ is diffeomorphic to an
Euclidean space. As such,

0 // "∨ // �0(�/ , "∨)
3

// �1 (�/ , "∨)
3

// . . .

is an (continuously) injective resolution of "∨, see (1.3) above, and hence the homology with
respect to the Connes coboundary operator corresponds nothing but to the (continuous) group
cohomology, see also [2, Chpt. II].

Finally, the isomorphism on the level of the �1-terms is given by the van Est isomorphism; see
Subsection 1.3. �

Let us next consider the homological counterpart of the above result.

Proposition 4.5. Let � be an algebraic group, with the coordinate algebra O(�), and the Lie
algebra g. Let also  ⊆ � be a maximal compact subgroup, the Lie algebra of which being
k. Furthermore, let " be a right/left SAYD module over * (g), so that the g-action may be
integrated into a �-action. Then,

(4.6) ��∗(* (g),* (k), ") � ��∗(O(�), ").

1The Hochschild-Kostant-Rosenberg map commutes with the (diagonal) �-action.
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Proof. It follows from [15, Lemma 6.2] that since " is an AYD module over * (g), it admits
a (bounded) increasing filtration (�?")?∈Z, so that �?"/�?−1" is a trivial * (g)-comodule
for any ? ∈ Z. Accordingly, we compare the complexes � (* (g), * (k), �?"/�?−1") and
� (O(�), �?"/�?−1") in the �1-level of the associated spectral sequences.

As is given in the proof of [6, Thm. 15], the Hochschild coboundary of the former coincides with
the zero map, while the Connes boundary operator corresponds to the Lie algebra (Chevalley-
Eilenberg) homology boundary.

As for the latter complex, it follows from [5, Lemma 45(a)] that the =th Hochschild cohomology
class may be identified with the �-coinvariants [�= (�/ , ")]� of =-dimensional de Rham
currents, with coeffcients in " . Then on these spaces the Connes boundary map works, in
view of [5, Lemma 45(b)], as the de Rham boundary for currents. Once again, since �/ is
diffeomorphic to an Euclidean space,

(4.7) . . . // �1(�/ , ")
m3'

// �0(�/ , ")
m3'

//// " // 0

is a (continuously) projective resolution of " . As such, its coinvariants compute the group
homology, [2, Chpt. II].

Finally, the desired isomorphism is induced by the van Est isomorphism on the dual picture, in
view of [1, Thm. 2] and Corollary 3.3. �

We can further state the following extension of [1, Thm. 2].

Corollary 4.6. Let � be an algebraic group, with the coordinate algebra O(�), and # a
left/right SAYD module over O(�). Let also #∨ = Hom(#, :) be the corresponding right/left
SAYD contra-module over O(�). Then,

��∗(O(�), #∨)∨ � ��∗(O(�), #).

5. The van Est isomorphism on quantized Hopf algebras

In this section we shall develop the van Est isomorphisms for the ℎ-adic quantum groups, using
a natural ℎ-filtration on their Hopf-cyclic complexes.

5.1. Quantized Hopf algebras.

In the present subsection we shall recall the quantized Hopf algebras on which the van Est
isomorphism will be considered. Namely, we shall take a quick overview of the quantized
universal enveloping algebras and the quantized function algebras.

Let us recall from [8, Def. 3.10] and [4, Def. 6.2.4], see also [9, Def. 1.2(b)], that a quantization
of a Poisson Hopf algebra �0 over : is a (topological, with respect to the ℎ-adic topology) Hopf
algebra � over : [[ℎ]] such that �/ℎ� is isomorphic, as Poisson Hopf algebras, to �0.

Motivated by [8, Thm. 3.13] and [4, Def. 6.2.4], given a Poisson-Lie group �, we shall denote
a quantization of O(�) by Oℎ (�), and we shall call it the quantized algebra of functions over
�, or simply the quantized function algebra.
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In particular, following [4, Sect. 7.1] - see also [8, Ex. 3.15], the quantized function algebra
Oℎ ((!2(C)) is the topological Hopf algebra (over C[[ℎ]]) given by

02 = 4−ℎ20, 13 = 4−ℎ31, 01 = 4−ℎ10, 23 = 4−ℎ32,

12 = 21, 03 − 30 = (4−ℎ − 4ℎ)12, 03 − 4−ℎ12 = 1,

Δ(0) = 0⊗̂0 + 1⊗̂2, Δ(1) = 0⊗̂1 + 1⊗̂3,

Δ(2) = 2⊗̂0 + 3⊗̂2, Δ(3) = 2⊗̂1 + 3⊗̂3,

Y(0) = Y(3) = 1, Y(1) = Y(2) = 0,

((0) = 3, ((1) = −4ℎ1, ((2) = −4−ℎ2, ((3) = 0.

Dually, a quantization of a co-Poisson Hopf algebra �0 over : is a (topological, with respect to
the ℎ-adic topology) Hopf algebra � over : [[ℎ]] such that �/ℎ� is isomorphic, as co-Poisson
Hopf algebras, to �0.

As was noted in [8, Thm. 3.11], given a Lie bialgebra g, the universal enveloping algebra * (g)

has a unique quantization, called the quantized universal enveloping algebra, which is denoted
by*ℎ(g).

In particular, the basic example corresponding to the Lie bialgebra structure on Bℓ2(C), which
is given by

X : Bℓ2(C) → Bℓ2(C) ∧ Bℓ2(C),

X(�) := 0, X(�) := � ∧ �, X(�) := � ∧ �.

is given in [4, Sec. 6.4]. More precisely, as was presented in [4, Def.-Prop. 6.4.3] - see also [8,
Ex. 3.15] and [19, Subsect. 3.1.5] - the quantized universal enveloping algebra *ℎ(Bℓ(C)) is
the topological Hopf algebra (over C[[ℎ]]) given by

[�, �] = 2�, [�, �] = −2�, [�, �] =
4ℎ� − 4−ℎ�

4ℎ − 4−ℎ
,

Δ(�) = 1⊗̂� + �⊗̂1, Δ(�) = � ⊗̂4ℎ� + 1⊗̂�, Δ(�) = � ⊗̂1 + 4−ℎ� ⊗̂�,

Y(�) = Y(�) = Y(�) = 0,

((�) = −�, ((�) = −�4−ℎ� , ((�) = −4ℎ��.

5.2. Quantized van Est isomorphism.

Following the terminology of [9, Sect. 1], we shall mean by a : [[ℎ]]-module; a torsionless,
complete, and separated : [[ℎ]]-module, equipped with the ℎ-adic topology. Accordingly, if +
is a : [[ℎ]]-module, then as was noted in [9, Subsect. 1.1], we have + � +0 [[ℎ]] as : [[ℎ]]-
modules, where +0 := +/ℎ+ is the semi-classical limit of + .

Let, now, + be a (right) module over a quantized Hopf algebra %; that is, + is a : [[ℎ]]-module
equipped with a : [[ℎ]]-linear (hence, continuous) map

(5.1) ⊲ : + ⊗̂% → +

satisfying the usual compatibilities for a module.Let us note that the tensor product refers to the
completed tensor product over : [[ℎ]]. Tensoring both sides with : over : [[ℎ]], then, renders
a linear map

(5.2) ⊲ : +0 ⊗ %0 → +0,
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which also satisfies the module compatibilities. That is, the :-module +0 is then a module over
the (Poisson, or co-Poisson) Hopf algebra %0 := %/%0.

Similarly, a (left) comodule + over a quantized Hopf algebra % is a : [[ℎ]]-module equipped
with a : [[ℎ]]-linear map

(5.3) ∇ : + → %⊗̂+

that satisfies the comodule compatibilities. Similarly, the application of ⊗: [[ℎ]] : yields

(5.4) ∇ : +0 → %0 ⊗ +0

satisfying the comodule compatibilities.

Along the lines above, we define a (right-left) SAYD module + over a quantized Hopf algebra
% as a : [[ℎ]]-module equipped with a right %-action as (5.1), and a left %-coaction as (5.3),
so that the usual SAYD compatibilities are satisfied. Then, similarly above, the semi-classical
limit +0 of + happens to be the SAYD module over the (Poisson, or co-Poisson) Hopf algebra
%0 through (5.2) and (5.4).

Finally, we have the Hopf-cyclic complexes associated to the quantized Hopf algebras and SAYD
modules over them. They are defined mimicking the above defined complexes, though in the
presence of the topological tensor products and the : [[ℎ]]-linear (continuous) maps. We refer
the reader to [25] for further details on Hopf-cyclic cohomology for topological Hopf algebras.

We are now ready for the van Est isomorphisms on the level of quantized Hopf algebras. This
time, we begin with the homological one.

Theorem 5.1. Let � be a Poisson-Lie group, with the quantized function algebra Oℎ (�), and
the Lie (bi)algebra g. Let also  ⊆ � be a maximal compact subgroup, the Lie algebra of which
being k. Furthermore, let " be a right/left SAYD module over *ℎ(g), so that the g-action may
be integrated into a �-action. Then,

��∗(*ℎ (g),*ℎ(k), ") � ��∗(Oℎ (�), ").

Proof. Let us consider the decreasing filtrations on both complexes through ℎ, that is,

�?�
∗ (*ℎ(g), *ℎ(k), ") := ℎ?�∗(*ℎ (g),*ℎ(k), "), ? > 0,

with �?�∗(*ℎ (g),*ℎ(k), ") := 0 for ? < 0, and

�?�
∗(Oℎ (�), ") := ℎ?�∗(Oℎ (�), "), ? > 0,

with �?�∗(Oℎ (�), ") := 0 for ? < 0.

It is evident by the : [[ℎ]]-linearity of the (total) differential maps that both�∗(*ℎ (g),*ℎ(k), ")

and �∗ (Oℎ (�), ") becomes filtered complexes through these filtrations.

On the other hand, both filtrations are clearly not (necessarily) bounded. Nevertheless, they both
are weakly convergent in the sense of [20, Def. 3.1], that is,

/
8, 9
∞ = ∩A /

8, 9
A ,

where, referring the differential maps simply as 3 : �= → �=+1, here /
8, 9
A := � 8�8+ 9 ∩

3−1(� 8+A�8+ 9+1), and / 8, 9∞ := � 8�8+ 9 ∩ ker(3). This, more precisely, follows from the finiteness
(of the Hochschild cohomology classes) on the columns of the associated bicomplexes

�
8, 9

0 (*ℎ(g), *ℎ(k), ") :=
� 8�8+ 9 (*ℎ(g), *ℎ(k), ")

� 8+1�8+ 9 (*ℎ(g), *ℎ(k), ")
� ℎ8� 9+8 (* (g),* (k), "0),
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and

�
8, 9

0 (Oℎ (�), ") :=
� 8�8+ 9 (Oℎ (�), ")

� 8+1�8+ 9 (Oℎ (�), ")
� ℎ8� 9+8 (O(�), "0).

As a result of [20, Thm. 3.2], the corresponding spectral sequences converge in the level of
Hochschild cohomology, and hence in the level of the cyclic cohomology.

Furthermore, the induced maps 30 : � 8, 90 → �
8, 9+1
0 correspond to the (total) Hopf-cyclic differ-

ential maps on the semi-classical limits of the individual complexes. Finally, an isomorphism
on the level of �1-terms is given by (4.6). �

The cohomological counterpart of the van Est isomorphism on the quantized Hopf algebras,
whose proof is omitted due to its similarity to Proposition 5.1, is given below.

Theorem 5.2. Let � be a Poisson-Lie group, with the quantized function algebra Oℎ (�), and
the Lie (bi)algebra g. Let also  ⊆ � be a maximal compact subgroup, the Lie algebra of
which being k. Furthermore, let " be a right/left SAYD module over*ℎ (g), so that the g-action
may be integrated into a �-action, and let "∨ = Hom: [[ℎ]] (", : [[ℎ]]) be the corresponding
left/right SAYD contra-module. Then,

��∗(*ℎ (g),*ℎ(k), "
∨) � ��∗(Oℎ (�), "∨).

6. The van Est isomorphism on quantum groups

In this final section we shall prove the @-adic counterparts of the Hopf-cyclic (homology and
cohomology) van Est isomorphisms considered in the previous section.

6.1. Drinfeld-Jimbo algebras.

Let us recall from [19, Subsect. 6.1.2] the quantum enveloping algebras (Drinfeld-Jimbo
algebras) of Lie algebras.

To this end, let g be a finite dimensional semi-simple complex Lie algebra, and let U1, . . . , Uℓ be
an ordered sequence of simple roots. Let also � = [08 9 ] be the Cartan matrix associated to g,
and let @ be a fixed nonzero complex number such that @2

8
≠ 1, where @8 := @38 , 1 6 8 6 ℓ, and

38 = (U8, U8)/2.

The algebra*@ (g) is defined to be the Hopf algebra with 4ℓ generators �8, �8,  8 ,  −1
8 , 1 6 8 6 ℓ,

subject to the relations

 8 9 =  9 8 ,  8 
−1
8 =  −1

8  8 = 1,

 8� 9 
−1
8 = @

08 9
8
� 9 ,  8� 9 

−1
8 = @

−08 9
8

� 9 ,

�8� 9 − � 9�8 = X8 9
 8 −  

−1
8

@8 − @
−1
8

,

1−08 9∑

A=0

(−1)A
[

1 − 08 9
A

]

@8

�
1−08 9−A
8

� 9�
A
8 = 0, 8 ≠ 9 ,

1−08 9∑

A=0

(−1)A
[

1 − 08 9
A

]

@8

�
1−08 9−A
8

� 9�
A
8 = 0, 8 ≠ 9 ,
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where [
=

A

]

@

=
(=)@ !

(A)@ ! (= − A)@ !
, (=)@ :=

@= − @−=

@ − @−1
.

Furthermore, the algebra*@ (g) may be endowed with a Hopf algebra structure via

Δ( 8) =  8 ⊗  8 , Δ( −1
8 ) =  −1

8 ⊗  −1
8 ,

Δ(�8) = �8 ⊗  8 + 1 ⊗ �8, Δ(� 9) = � 9 ⊗ 1 +  −1
9 ⊗ � 9 ,

Y( 8) = 1, Y(�8) = Y(�8) = 0,

(( 8) =  
−1
8 , ((�8) = −�8 

−1
8 , ((�8) = − 8�8 .

In the case g = Bℓ=, the algebra generated by �8, �8, 1 6 8 6 = − 1, and  ̂ 9 ,  ̂−1
9 , 1 6 9 6 =,

subject to

 ̂8 ̂ 9 =  ̂ 9  ̂8 ,  ̂8 ̂
−1
8 =  ̂−1

8  ̂8 = 1,  ̂1 ̂2 . . .  ̂= = 1,

 ̂8�8−1 ̂
−1
8 = @−1�8−1,  ̂8�8 ̂

−1
8 = @�8,  ̂8� 9  ̂

−1
8 = � 9 , 9 ≠ 8, 8 − 1,

 ̂8�8−1 ̂
−1
8 = @�8−1,  ̂8�8 ̂

−1
8 = @−1�8,  ̂8� 9  ̂

−1
8 = � 9 , 9 ≠ 8, 8 − 1,

�8� 9 − � 9�8 = X8 9
 ̂8 ̂

−1
8+1 −  ̂

−1
8
 ̂8+1

@ − @−1
,

which is a Hopf algebra through

Δ( ̂8) =  ̂8 ⊗  ̂8 , Δ( ̂−1
8 ) =  ̂−1

8 ⊗  ̂−1
8 ,

Δ(�8) = �8 ⊗  ̂8 ̂
−1
8+1 + 1 ⊗ �8, Δ(�8) = �8 ⊗ 1 +  ̂−1

8  ̂8+1 ⊗ �8,

Y( ̂8) = 1, Y(�8) = 0 = Y(�8),

(( ̂8) =  ̂
−1
8 , ((�8) = −�8 ̂

−1
8  ̂8+1, ((�8) = − ̂8 ̂

−1
8+1�8,

is denoted by*ext
@ (Bℓ=). Let us note also that the quantized enveloping algebras*@ (Bℓ=) may be

considered as a Hopf subalgebra of *ext
@ (Bℓ=).

6.2. The coordinate algebras of quantum groups.

Following the notation of [19, Sect. 9], we shall denote by O@ (�) the coordinate algebra of the
quantum group �@.

By [19, Thm. 9.18] there are (unique, and by [19, Corollary 11.23] nondegenerate) Hopf
pairings between *@ (6ℓ=) and O@ (�!(=)), and, *ext

@ (Bℓ=) and O@ ((!(=)) - as well as the
pairings between *@1/2 (B>2=+1) and O@ (($ (2= + 1)), *ext

@ (B>2=) and O@ (($ (2=)), and finally
*ext
@ (B?2=) and O@ ((?(2=)).

We shall, by a slight abuse of notation, address any of these as pairings as a pairing between
*@ (g) and O@ (�), or *@ (k) and O@ ( ), where k ⊆ g being a maximal compact subalgebra.

6.3. The quantum van Est isomorphism.

Let
O@ (�) → O@ (�) ⊗ O@ ( ), 0 ↦→ 0(0) ⊗ 0(1)

be the natural right coaction through

0(0) 〈0(1) , ℓ〉 = ℓ ⊲ 0
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for any ℓ ∈ *@ (k). We shall then denote by O@ (�/ ) the invariant subalgebra of this coaction,
that is,

O@ (�/ ) := {1 ∈ O@ (�) | 1(0) ⊗ 1(1) = 1 ⊗ 1}.

Considering the pairing between *@ (g) and O@ (�/ ), we have

*@ (g)*@ (k)
+ = {ℎ ∈ *@ (g) | 〈1, ℎ〉 = 0, for all 1 ∈ O@ (�/ )}.

Accordingly, there is a nondegenerate pairing between the quotient coalgebra C = *@ (g) ⊗*@ (k) :

and the subalgebra O@ (�/ ) ⊆ O@ (�).

Furthermore, *@ (g)*@ (k)+ being a left ideal in *@ (g), there is a natural right*@ (g)-action

⊳ : O@ (�/ ) ⊗ *@ (g) → O@ (�/ ), 〈1 ⊳ ℎ, 2〉 = 〈1, ℎ · 2〉

on the subalgebra O@ (�/ ), inducing a left O@ (�)-coaction

O@ (�/ ) → O@ (�) ⊗ O@ (�/ ), 〈1(−1) , ℎ〉1(0) = 1 ⊳ ℎ.

Let us note also that the left *@ (g)-module coalgebra structure on C = *@ (g) ⊗*@ (k) : makes
O@ (�/ ) a left O@ (�)-comodule algebra.

Accordingly, to the left O@ (�)-comodule algebra O@ (�/ ) and a left/right SAYD module "∨

over O@ (�), we can associate the cyclic module

� (O@ (�/ ), "∨) =
⊕

=>0

�= (O@ (�/ ), "∨),

�= (O@ (�/ ), "∨) := "∨
�O(�@) O@ (�/ )⊗ =+1

with the faces

X8 : �= (O@ (�/ ), "∨) → �=−1 (O@ (�/ ), "∨), 0 6 8 6 =,

X8 ( 5 ⊗ 00 ⊗ · · · ⊗ 0=) := 5 ⊗ 00 ⊗ · · · ⊗ 0808+1 ⊗ · · · ⊗ 0=, 0 6 8 6 = − 1,

X= ( 5 ⊗ 00 ⊗ · · · ⊗ 0=) := (0
(−1)
= ⊲ 5 ) ⊗ 0

(0)
= 00 ⊗ 01 ⊗ · · · ⊗ 0=−1,

the degeneracies

f9 : �= (O@ (�/ ), "∨) → �=+1(O@ (�/ ), "∨), 0 6 9 6 =,

f9 ( 5 ⊗ 00 ⊗ · · · ⊗ 0=) := 5 ⊗ 00 ⊗ · · · ⊗ 0 9 ⊗ 1 ⊗ 0 9+1 ⊗ · · · ⊗ 0=,

and the cyclic operator

g= : �= (O@ (�/ ), "∨) → �= (O@ (�/ ), "∨),

g= ( 5 ⊗ 00 ⊗ · · · ⊗ 0=) := (0
(−1)
= ⊲ 5 ) ⊗ 0

(0)
= ⊗ 00 ⊗ 01 ⊗ · · · ⊗ 0=−1.

We shall denote the cyclic (resp. periodic cyclic) homology of this cyclic module by��∗(O@ (�/ ), "∨)

(resp. �%∗(O@ (�/ ), "∨)), and call it the cyclic (resp. periodic cyclic) homology of the
O@ (�)-comodule algebra O@ (�/ ), with coefficients in the SAYD module "∨ over O@ (�).

Similarly, given a right/left SAYD contramodule " over O@ (�), we can associate the cocyclic
module

� (O@ (�/ ), ") =
⊕

=>0

�= (O@ (�/ ), "),

�= (O@ (�/ ), ") := " ⊗*@ (g) Hom(O@ (�/ )⊗ =+1, :)
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with the cofaces

38 : �=−1 (O@ (�/ ), ") → �= (O@ (�/ ), "), 0 6 8 6 =,

(38 (< ⊗*@ (g) q))(00 ⊗ · · · ⊗ 0=) := <q(00 ⊗ · · · ⊗ 0808+1 ⊗ · · · ⊗ 0=), 0 6 8 6 = − 1,

(3= (< ⊗*@ (g) q))(00 ⊗ · · · ⊗ 0=) := (< ⊳ 0
(−1)
= )q(0

(0)
= 00 ⊗ 01 ⊗ · · · ⊗ 0=−1),

the codegeneracies

B 9 : �=+1 (O@ (�/ ), ") → �= (O@ (�/ ), "), 0 6 9 6 =,

(B 9 (< ⊗*@ (g) q))(00 ⊗ · · · ⊗ 0=) := <q(00 ⊗ · · · ⊗ 0 9 ⊗ 1 ⊗ 0 9+1 ⊗ · · · ⊗ 0=),

and the cyclic operator

C= : �= (O@ (�/ ), ") → �= (O@ (�/ ), "),

(C= (< ⊗*@ (g) q))(00 ⊗ · · · ⊗ 0=) := (< ⊳ 0
(−1)
= )q(0

(0)
= ⊗ 00 ⊗ 01 ⊗ · · · ⊗ 0=−1).

We shall denote the cyclic (resp. periodic cyclic) homology of this cocyclic module by
��∗(O@ (�/ ), ") (resp. �%∗(O@ (�/ ), ")), and we shall refer to it as the (periodic)
Hopf-cyclic cohomology of the O@ (�)-comodule algebra O@ (�/ ), with coefficients in the
SAYD contra-module " over O@ (�).

Next, along the lines of [18, Prop. 3.2], we may set up a map

(6.1) k : �=
*@ (g)

(C, ") → �= (O@ (�/ ), ")

via

k : " ⊗*@ (g) C
⊗ (=+1) → " ⊗*@ (g) Hom(O@ (�/ )⊗ =+1, :) � Hom("∨

�O@ (�) O@ (�/ )⊗ =+1, :),

< ⊗*@ (g) 2
0 ⊗ · · · ⊗ 2= ↦→ < ⊗*@ (g) 2̃,

where "∨ standing for Hom(", :), and 2̃ := 20 ⊗ · · · ⊗ 2= so that

〈< ⊗*@ (g) 2̃, 00 ⊗ · · · ⊗ 0=〉 := <〈00, 2
0〉 . . . 〈0=, 2

=〉.

Theorem 6.1. Given any right/left SAYD module " over *@ (g), the map

� (*@ (g),*@ (k), ") → � (O@ (�/ ), ")

determined by (6.1) is an isomorphism of cocyclic modules. Therefore, there is a natural
isomorphism ��∗(*@ (g),*@ (k), ") � ��∗(O@ (�/ ), ") of the corresponding cohomology
groups.

Proof. Let us first present the commutation with the cofaces. For 0 6 8 6 = − 1,

38 (k(< ⊗*@ (g) 2
0 ⊗ · · · ⊗ 2=−1))(00 ⊗ · · · ⊗ 0=) = 38 (< ⊗*@ (g) 2̃)(00 ⊗ · · · ⊗ 0=) =

<〈00, 2
0〉 . . . 〈0808+1, 2

8〉 . . . 〈0=, 2
=−1〉 =

k(< ⊗*@ (g) 2
0 ⊗ · · · ⊗ 28(1) ⊗ 28(2) ⊗ · · · ⊗ 2=−1)(00 ⊗ · · · ⊗ 0=) =

k(38 (< ⊗*@ (g) 2
0 ⊗ · · · ⊗ 2=−1)))(00 ⊗ · · · ⊗ 0=),
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and for the last coface we have

3= (k(< ⊗*@ (g) 2
0 ⊗ · · · ⊗ 2=−1))(00 ⊗ · · · ⊗ 0=) = 3= (< ⊗*@ (g) 2̃)(00 ⊗ · · · ⊗ 0=) =

(< ⊳ 0
(−1)
= )〈0

(0)
= 00, 2

0〉 . . . 〈0=−1, 2
=−1〉 =

〈0
(−1)
= , <

<−1>〉<<0> 〈0
(0)
= , 2

0
(1) 〉〈00, 2

0
(2) 〉 . . . 〈0=−1, 2

=−1〉 =

<
<0> 〈0

(0)
= , 2

0
(1) 〉〈00, 2

0
(2) 〉 . . . 〈0=−1, 2

=−1〉〈0=, <<−1> · 20
(2) 〉 =

k(3= (< ⊗*@ (g) 2
0 ⊗ · · · ⊗ 2=−1)))(00 ⊗ · · · ⊗ 0=).

As for the codegeneracies, for 0 6 9 6 = we have

B 9 (k(< ⊗*@ (g) 2
0 ⊗ · · · ⊗ 2=+1))(00 ⊗ · · · ⊗ 0=) =

B 9 (< ⊗*@ (g) 2̃)(00 ⊗ · · · ⊗ 0 9 ⊗ 1 ⊗ 0 9+1 ⊗ · · · ⊗ 0=−1) =

<〈00, 2
0〉 . . . 〈0 9 , 2

9 〉〈1, 2 9+1〉〈0 9+1, 2
9+2〉 . . . 〈0=, 2

=+1〉 =

<〈00, 2
0〉 . . . 〈0 9 , 2

9 〉Y(2 9+1)〈0 9+1, 2
9+2〉 . . . 〈0=, 2

=+1〉 =

k(B 9 (< ⊗*@ (g) 2
0 ⊗ · · · ⊗ 2=+1))(00 ⊗ · · · ⊗ 0=).

Finally, the commutation with the cyclic operator follows from

C=(k(< ⊗*@ (g) 2
0 ⊗ · · · ⊗ 2=))(00 ⊗ · · · ⊗ 0=) = ((< ⊳ 0

(−1)
= ) ⊗*@ (g) 2̃)(0

(0)
= ⊗ 00 ⊗ · · · ⊗ 0=−1) =

(< ⊳ 0
(−1)
= )〈0

(0)
= , 2

0〉〈00, 2
1〉 . . . 〈0=−1, 2

=〉 = 〈0
(−1)
= , <

<−1>〉<<0> 〈0
(0)
= , 2

0〉〈00, 2
1〉 . . . 〈0=−1, 2

=〉 =

<
<0> 〈0=, <<−1> · 20〉〈00, 2

1〉 . . . 〈0=−1, 2
=〉 = k(C=(< ⊗*@ (g) 2

0 ⊗ · · · ⊗ 2=))(00 ⊗ · · · ⊗ 0=).

�

Dually, we have

(6.2) i : �= (O@ (�/ ), "∨) → �=,*@ (g) (C, "
∨)

through

i : "∨
�O@ (�)O@ (�/ )⊗ =+1 → Hom*@ (g) (C

⊗ (=+1) , "∨),

5�O(�@) 00 ⊗ · · · ⊗ 0= ↦→ 5�O@ (�) 0̃,

where 0̃ := 00 ⊗ · · · ⊗ 0= so that

〈 5�O(�@) 0̃, 2
0 ⊗ · · · ⊗ 2=〉 := 5 〈00, 2

0〉 . . . 〈0=, 2
=〉.

Theorem 6.2. Given any right/left SAYD contramodule "∨ over O@ (�), the map

� (O@ (�/ ), "∨) → � (*@ (g),*@ (k), "
∨)

determined by (6.2) is an isomorphism of cyclic modules. Therefore, there is a natural isomor-
phism ��∗(*@ (g),*@ (k), "

∨) � ��∗(O@ (�/ ), "∨) of the corresponding homology groups.

Proof. We shall begin with the face operators. For 0 6 8 6 = − 1,

X8 (i( 5�O(�@) 00 ⊗ · · · ⊗ 0=))(2
0 ⊗ · · · ⊗ 2=−1) = X8 ( 5�O@ (�) 0̃)(2

0 ⊗ · · · ⊗ 2=−1) =

( 5�O@ (�) 0̃)(2
0 ⊗ · · · ⊗ 28(1) ⊗ 2

8
(2) ⊗ · · · ⊗ 2=−1) = 5 〈00, 2

0〉 . . . 〈08, 2
8
(1) 〉〈08+1, 2

8
(2) 〉 . . . 〈0=, 2

=−1〉 =

i(X8 ( 5�O@ (�) 00 ⊗ · · · ⊗ 0=))(2
0 ⊗ · · · ⊗ 2=−1).
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The commutation with the last face operator, on the other hand, follows from

X= (i( 5�O@ (�) 00 ⊗ · · · ⊗ 0=))(2
0 ⊗ · · · ⊗ 2=−1)(<) = X= ( 5�O@ (�) 0̃)(2

0 ⊗ · · · ⊗ 2=−1)(<) =

5 (<
<0>)〈00, 2

0
(2) 〉〈01, 2

1〉 . . . 〈0=−1, 2
=−1〉〈0=, <<−1> · 20

(1) 〉 =

5 (<
<0>)〈00, 2

0
(2) 〉〈01, 2

1〉 . . . 〈0=−1, 2
=−1〉〈0

(−1)
= , <

<−1>〉〈0
(0)
= , 2

0
(1) 〉 =

(0
(−1)
= ⊲ 5 )(<)〈0

(0)
= 00, 2

0〉〈01, 2
1〉 . . . 〈0=−1, 2

=−1〉 =

i(X= ( 5�O(�@) 00 ⊗ · · · ⊗ 0=))(2
0 ⊗ · · · ⊗ 2=−1)(<),

for any < ∈ " . Let us next move to the degeneracies. For 0 6 9 6 =, we have

f9 (i( 5�O(�@) 00 ⊗ · · · ⊗ 0=))(2
0 ⊗ · · · ⊗ 2=+1)(<) = f9 ( 5�O(�@) 0̃)(2

0 ⊗ · · · ⊗ 2=+1)(<) =

5 〈00, 2
0〉 . . . 〈0 9 , 2

9〉Y(2 9+1)〈0 9+1, 2
9+2〉 . . . 〈0=, 2

=+1〉 =

i(f9 ( 5�O@ (�) 00 ⊗ · · · ⊗ 0=))(2
0 ⊗ · · · ⊗ 2=+1).

We finally present the commutation with the cyclic operator. To this end, it suffices to observe

g= (i( 5�O@ (�) 00 ⊗ · · · ⊗ 0=))(2
0 ⊗ · · · ⊗ 2=)(<) = g= ( 5�O@ (�) 0̃)(2

0 ⊗ · · · ⊗ 2=)(<) =

5 (<
<0>)〈00, 2

1〉 . . . 〈0=−1, 2
=〉〈0=, <<−1> · 20〉 = (0

(−1)
= ⊲ 5 )(<)〈0

(0)
= , 2

0〉〈00, 2
1〉 . . . 〈0=−1, 2

=〉 =

i(g= ( 5�O@ (�) 00 ⊗ · · · ⊗ 0=))(2
0 ⊗ · · · ⊗ 2=)(<)

for any < ∈ " . �

Appendix

The quantum van Est map we defined in this paper, and the quantum characteristic map we
constructed in [17] are indeed two different faces of the same construction which we describe
in this Appendix.

6.4. The Janus map.

When � is a coalgebra acting on an algebra � we have

2 ⊲ (0102) = (2 (1) ⊲ 01)(2 (2) ⊲ 02)

which yields a pairing of the natural cocylic modules associated with � and �

(6.3) 3806Δ(�
• (�) ⊗ �•(�)) → �• (�)

Moreover, if both � and � share an equivariant action of a Hopf algebra

ℎ ⊲ (01) =(ℎ(1) ⊲ 0)(ℎ(2) ⊲ 1), (ℎ ⊲ 2)(1) ⊗ (ℎ ⊲ 2)(2) =ℎ(1) ⊲ 2 (1) ⊗ ℎ(2) ⊲ 2 (2)

2 ⊲ (01) =(2 (1) ⊲ 0)(2 (2) ⊲ 1), ℎ(2 ⊲ 0) =(ℎ2) ⊲ 1

then for every SAYD coefficient module " one has the Hopf-cocyclic modules �•
�
(�, ") and

�•
�
(�, ") that are defined as

(6.4) �•
� (�, ") := " ⊗� �

•(�) and �•
� (�, ") := Hom: (" ⊗� �•(�), :)

Then the pairing we have in (6.3) can be lifted to

(6.5) 3806Δ(�
•
� (�, ") ⊗ �•

� (�, ")) → �•(�)

a pairing of Hopf-cyclic modules associated with� and � which generalizes Connes-Moscovici
characteristic map [16, Theorem 6.2].
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Theorem 6.3. Let � be a Hopf algebra, � be a �-module coalgebra and � be a �-module
algebra. Assume also that � acts of � equivariantly. Then there is a pairing of the form

(6.6) ��
?

�
(�, ") ⊗ ��

@

�
(�, ") → ��?+@ (�)

where ��∗(�) is the ordinary cyclic cohomology of the algebra �, ��∗
�
(�, ") is the Hopf-

cyclic cohomology of the �-module coalgebra � with coefficients in a �-module/comodule
coefficients " , ��∗

�
(�, ") is the Hopf-cyclic cohomology of the �-module algebra � with the

same coefficients.

However, notice that one can construct the same map as in Theorem 6.3 with the dual cyclic
modules. However, if we do that, we must replace ��∗(�) with the dual cyclic theory ◦��∗(�)

of � which is trivial, i.e. ◦��0(�) = : and ◦��= (�) = 0 for = > 1. This means for the dual
theory, the characteristic map will yield Equation (6.7).

Theorem 6.4. Let � be a Hopf algebra, � be a �-module algebra and � be a �-module
coalgebra. Assume also that � acts of � equivariantly. Then there is a pairing in dual cyclic
cohomology of the form

(6.7) ◦��
?

�
(�, ") ⊗ ◦��

?

�
(�, ") → :

Since the dual Hopf-cyclic cohomology captures the Lie group cohomology, this is the right
analogue of the van Est map.

6.5. Quantum Killing Form.

Now, let us develop the formalism above for the concrete case of quantum groups. For the rest
of this section, assume � is a Lie group and g is the corresponding Lie algebra. All of the
preliminaries for this section is taken from [19].

We start with a pairing of the form 〈 · , · 〉 : *@ (b+) ⊗ *@ (b−) → : defined as

(6.8)
〈
 8 ,  9

〉
= @−08 9/2,

〈
�8,  9

〉
=

〈
 8 , � 9

〉
= 0,

〈
�8, � 9

〉
=

X8 9

@−1
9

− @ 9

then extended by letting

〈0, 12〉 =
〈
0 (1), 1

〉 〈
0 (2) , 1

〉
and 〈01, 2〉 =

〈
0, 2 (1)

〉 〈
1, 2 (2)

〉
.

Now, by using the Poincare-Birkhoff-Witt decomposition of

*@ (g) = *@ (n−) ⊗ : [ 1, . . . ,  =] ⊗ *@ (n+)

we can extend the pairing to 〈 · , · 〉 : *@ (g) ⊗ *@ (g) → : by letting

(6.9) 〈011121, 021222〉 = 〈11, 12〉 〈((21), 02〉 〈22, ((01)〉

The Killing form does satisfy the following conditions:

(i) 〈1, 0〉 = 〈0, 1〉 = Y(0),
(ii)

〈
ℎ(1)0, ℎ(2)1

〉
=

〈
0ℎ(1), 1ℎ(2)

〉
= Y(ℎ) 〈0, 1〉,

(iii) 〈0, 12〉 =
〈
0 (1), 1

〉 〈
0 (2) , 2

〉
,

(iv) 〈01, 2〉 =
〈
0, 2 (1)

〉 〈
1, 2 (2)

〉
,

for every 0, 1, 2, ℎ ∈ *@ (g).
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6.5.1. The pairing between O@ (�) and*@ (g). Let us assume ' is the '-matrix of the quantum
groups*@ (g) and O@ (�). Then the quantum Killing form gives us a Hopf algebra epimorphism
A@ (') → *@ (g)

> which extends to a Hopf algebra morphism of the form O@ (�) → *@ (g)
>

which, in turn, defines a pairing

(6.10) 〈 · , · 〉 : *@ (g) ⊗ O@ (�) → :

via the quantum Killing form. This final pairing is non-degenerate for �!= and for compact
quantum groups. For example, the non-degenerate pairing for the pair*@ (gl=) and O@ (�!=) is
defined as

(6.11)
〈
 ℓ , G8 9

〉
= @−Xℓ,8 X8, 9

〈
�ℓ, G8 9

〉
= Xℓ,8X 9 ,8+1

〈
�ℓ, G8 9

〉
= Xℓ, 9X8, 9+1

So far, all of these facts are already all known.

6.5.2. The action of*@ (g) on O@ (�). We define an action of *@ (g) on O@ (�) via

(6.12) 0 ⊲ i = i(1)

〈
0, i(2)

〉

We observe that
1 ⊲ i = i(1)

〈
1, i(2)

〉
= i(1)Y(i(2)) = i

and

01 ⊲ i =i(1)

〈
01, i(2)

〉
= i(1)

〈
0, i(2)

〉 〈
1, i(3)

〉

=(1 ⊲ i)(1)
〈
0, (1 ⊲ i)(2)

〉
= 0 ⊲ (1 ⊲ i)

Moreover, we also have

0 ⊲ (ik) =(ik)(1)
〈
0, (ik)(2)

〉
= i(1)k(1)

〈
0, i(2)k(2)

〉

=i(1)k(1)

〈
0 (1) , i(2)

〉 〈
0 (2), k(2)

〉

=(0 (1) ⊲ i)(0 (2) ⊲ k)

which means O@ (�) is a *@ (g)-module algebra.

Corollary 6.5. There is a characteristic map in Hopf-cyclic cohomology

(6.13) ��
?

*@ (g)
(*@ (g), ") ⊗ ��

@

O@ (�)
(O@ (�), ") → ��?+@ (O@ (�))

and a van Est pairing in the dual cyclic cohomology of the form

(6.14) ◦��
?

*@ (g)
(*@ (g), ") ⊗ ◦��

?

O@ (�)
(O@ (�), ") → :

for every SAYD coefficient module " .

Proof. Theorem 6.3 gives us

(6.15) ��
?

*@ (g)
(*@ (g), ") ⊗ ��

@

*@ (g)
(O@ (�), ") → ��?+@ (O@ (�))

and Theorem 6.4 a van Est pairing in the dual cyclic cohomology of the form

(6.16) ◦��
?

*@ (g)
(*@ (g), ") ⊗ ◦��

?

*@ (g)
(O@ (�), ") → :

for every coefficient module " . This is almost what we want, however, the second tensorands
in both the characteristic map and the van Est duality must be corrected.

Recall that we define O@ (�) through*@ (g) via the Killing form. Thus the product in O@ (�) is
defined as follows:

(ik)(ℎ) = i(ℎ(1))k(ℎ(2)) =
〈
ℎ(1), i

〉 〈
ℎ(2), k

〉
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This means the left and right regular representations of O@ (�) are defined through*@ (g). Thus
we get

(6.17) �•
O@ (�) (O@ (�), ") = " ⊗O@ (�) �

• (O@ (�)) = " ⊗*@ (g) �
• (O@ (�))

which in turn means

��∗
*@ (g)

(O@ (�), ") = ��∗
O@ (�) (O@ (�), ")

and
◦��∗

*@ (g)
(O@ (�), ") = ◦��∗

O@ (�) (O@ (�), ").

The result follows. �
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